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Abstract. A BiHom-associative algebra is a (nonassociative) algebra A endowed with two 
commuting multiplicative linear maps a,/3: A —> A such that a(a)(bc) = (ab)/3(c), for all 
a,b,c G A. This concept arose in the study of algebras in so-called group Hom-categories. In 
this paper, we introduce as well BiHom-Lie algebras (also by using the categorical approach) 
and BiHom-bialgebras. We discuss these new structures by presenting some basic properties 
and constructions (representations, twisted tensor products, smash products etc). 
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1 Introduction 

The origin of Hom-structures may be found in the physics literature around 1990, concerning 
g-deformations of algebras of vector fields, especially Witt and Virasoro algebras, see for in- 
stance [1, 10, 12, 19]. Hartwig, Larsson and Silvestrov studied this kind of algebras in [15, 18] 
and called thern Hom-Lie algebras because they involve a homomorphism in the defining iden- 
tity. More precisely, a Hom-Lie algebra is a linear space L endowed with two linear maps 
[—]: L <g) L —> L and a: L —> L such that [—] is skew-synunetric and a is an algebra endomor- 
phisrn with respect to the bracket satisfying the so-called Hom-Jacobi identity 

[«(.t), [y,z]] + [a(y), [z,x]] + \a(z), [x,y]] = 0, Vx,y,z € L. 

Since any associative algebra becomes a Lie algebra by taking the commutator [a, 6] = ab — ba, it 
was natural to look for a Hom-analogue of this property. This was accomplished in [24], where 
the concept of Hom-associative algebra was introduced, as being a linear space A endowed with 
a multiplication y: A <8> A — > A, y(a <8> b) = ab, and a linear map a: A —> A satisfying the 
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so-called Hom-associativity condition 

a(a)(bc) = (ab)a(c), Va, b, c£ A 

If A is Hom-associative then (A, [a, b\ = ab—ba, a) becomes a Hom-Lie algebra, denoted by L(A). 
Notice that Hom-Lie algebras, in this paper, were considered without the assumption of multi- 
plicativity of a. 

In subsequent literature (see for instance [30]) were studied subclasses of these classes of alge- 
bras where the linear rnaps a involved in the definition of a Hom-Lie algebra or Hom-associative 
algebra are required to be multiplicative, that is a([x,y\) = [a(x),a(y)\ for all x,y € L, respec- 
tively a(ab) = a(a)a(b) for all a,b € A, and these subclasses were called multiplicative Hom-Lie 
algebras, respectively multiplicative Hom-associative algebras. Since we will always assurne mul- 
tiplicativity of the maps a and to simplify terminology, we will call Hom-Lie or Hom-associative 
algebras what was called above multiplicative Hom-Lie or Hom-associative algebras. 

The Hom-analogues of coalgebras, bialgebras and Hopf algebras have been introduced 
in [25, 26]. The original definition of a Hom-bialgebra involved two linear maps, one twisting 
the associativity condition and the other one the coassociativity condition. Later, two directions 
of study on Hom-bialgebras were developed, one in which the two rnaps coincide (these are still 
called Hom-bialgebras) and another one, started in [8], where the two maps are assumed to be 
inverse to each other (these are called monoidal Hom-bialgebras). 

In the last years, rnany concepts and properties from classical algebraic theories have been 
extended to the framework of Hom-structures, see for instance [2, 3, 7, 8, 11, 16, 20, 22, 25, 26, 
27, 31, 30]. 

The rnain tool for constructing examples of Hom-type algebras is the so-called “twisting 
principle” introduced by D. Yau for Hom-associative algebras and extended afterwards to other 
types of Hom-algebras. For instance, if A is an associative algebra and a : A —> A is an algebra 
map, then A with the new multiplication defined by a * b = a(a)a(b) is a Hom-associative 
algebra, called the Yau twist of A. 

A categorical interpretation of Hom-associative algebras has been given by Caenepeel and 
Goyvaerts in [8]. First, to any monoidal category C they associate a new monoidal category 77 (C), 
called a Hom-category, whose objects are pairs consisting of an object of C and an automorphism 
of this object (LL(C) has nontrivial associativity constraint even if the one of C is trivial). By 
taking C to be t-M, the category of linear spaces over a base field k, it turns out that an 
algebra in the (symmetric) monoidal category H( k-Ad) is the same thing as a Hom-associative 
algebra (A,/a,a) with bijective a. The bialgebras in 77(kAd) are the monoidal Hom-bialgebras 
we mentioned before. 

In [14], the first author extended the construction of the Hom-category 'H(C) to include the 
action of a given group Q. Narnely, given a monoidal category C, a group Q, two elements 
c, d G Z(Q) and v an automorphism of the unit object of C, the group Hom-category 'H c ’ d,u (Q, C) 
has as objects pairs (A, /a), where A is an object in C and fA-Q—t- Autc(A) is a group homo- 
morphism. The associativity constraint of 'H c,d ’ u (Q,C) is naturally defined by rneans of c, d, v 
(see Claim 2.3 and Theorem 2.4) and it is, in general, non trivial. A braided structure is also 
defined on H c ’ d ’ u (Q,C) (see Clairn 2.7 and Theorem 2.8) turning it into a braided category which 
is symmetric whenever C is. When Q = Z, c = d = and v = idi one gets the category T~i(C) 
from [8], while for c = 1 z, d = —1% and v = idi one gets the category HL(C). 

We first look at the case when Q = Z x Z, c = (1, 0), d = (0,1), v = idi and C = tAL 

If M G k-M, a group homomorphism f M : Z x Z —>• Autk(M) is completely determined by 

/m(( 1,0)) = a M and f M (( 0,1)) = fi M - 

Thus, an object in HLfL x Z, k-M) identifies with a triple (M, a M , f) M ), where a M , j3 M E Autk(M) 
and a M o f} M = /3 M o a M . For (X, ax,/3x), (Y, ay,f3y), (Z, az, (3z) objects in the category 
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%(i,o),(o,i),i^g x z,^M), tħe associativity constraint in ■%( 1 ’ 0 )’(°’ 1 )’ 1 (Z x is given by 

(® ’ ’ \x,a x ,P x ),(Y,a Y ,PY),(.Z,a z ,Pz) = ax > Y ’ Z ° [{ ax 0 ^ ) 0 &Z ] > 

and the braiding is 

%X,a x ,/3 x ),(Y,a Y ,l3 Y ) = T [{ a xP X l ) ® (V^)]’ 

where r: X ®Y Y ® X denotes the usual flip in the category of linear spaces. Note that 7 
is a symmetric braiding. Being %( 1 ’°)’( 0 ’ 1 ) ,1 (z x Z ,\M) an additive braided monoidal category, 
all the concepts of algebra, Lie algebra and so on, can be introduced in this case. 

By writing down the axioms for an algebra in 'R( 1 ’ 0 )’(°’ 1 )’ 1 (Z x Z,k.M) and discarding the 
invertibility of a and /3 if not needed, we arrived at the following concept. A BiHom-associative 
algebra over k is a linear space A endowed with a multiplication /j : A < 8 > A —> A, fi(a <S>b) = ab, 
and two commuting multiplicative linear maps a, /3: A —> A satisfying what we call the BiHom- 
associativity condition 

a(a)(bc) = (ab)/3(c), Va, b, c G A. 

Thus, a BiHom-associative algebra with bijective structure maps is exactly an algebra in 

^(i,o),(o,i),i(z x Z, k M). 

Obviously, a BiHom-associative algebra for which a = (3 is just a Hom-associative algebra. 

The remarkable fact is that the twisting principle may be also applied: if A is an associative 
algebra and a, /3: A —> A are two commuting algebra maps, then A with the new multiplication 
defined by a * b = a(a)/3(b) is a BiHom-associative algebra, called the Yau twist of A. As 
a matter of fact, although we arrived at the concept of BiHom-associative algebra via the 
categorical machinery presented above, it is the possibility of twisting the multiplication of an 
associative algebra by two commuting algebra endomorphisms that led us to believe that BiHom- 
associative algebras are interesting objects in their own. One can think of this as follows. Take 
again an associative algebra A and a, /3: A —> A two commuting algebra endomorphisms; define 
a new multiplication 011 A by a * b = a(a)/3(b). Then it is natural to ask the following question: 
what kind of structure is (A, *)? Example 3.9 in this paper shows that, in general, (A, *) is 
not a Hom-associative algebra, so the theory of Hom-associative algebras is not general enough 
to cover this natural operation of twisting the multiplication of an associative algebra by two 
maps; but this operation fits in the framework of BiHom-associative algebras. The Yau twisting 
of an associative algebra by two maps should thus be considered as the “natural” example of 
a BiHom-associative algebra. We would like to emphasize that for this operation the two maps 
are not assumed to be bijective, so the resulting BiHom-associative algebra has possibly non 
bijective structure maps and as such it cannot be regarded, to our knowledge, as an algebra in 
a monoidal category. 

Take now the group Q to be arbitrary. It is natural to describe how an algebra in the 
monoidal category 'H c,d,ll (G,k -M) looks like. By writing down the axioms, it turns out (see 
Claim 3.1 and Remark 3.5) that an algebra in such a category is a BiHom-associative algebra 
with bijective structure maps (the associativity of the algebra in the category is equivalent to the 
BiHom-associativity condition) having some extra structure (like an action of the group on the 
algebra). So, morally, the group Q = Z x Z leads to BiHom-associative algebras but any other 
group would not lead to something like a “higher” structure than BiHom-associative algebras 
(for instance, one cannot have something like TriHom-associative algebras). 

We initiate in this paper the study of what we will call BiHom-structures. The next structure 
we introduce is that of a BiHom-Lie algebra; for this, we use also a categorical approach. 
Unlike the Hom case, to obtain a BiHom-Lie algebra from a BiHom-associative algebra we 
need the structure maps a and /3 to be bijective; the commutator is defined by the formula 
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[a,b] = ab — a _ 1 /3(6)a/3 _ 1 (a). Nevertheless, just as in the Hom-case, the Yau twist works: if 
(L, [—]) is a Lie algebra over a field k and a, /3 : L —>• L are two commuting multiplicative linear 
maps and we define the linear map {—}: L ® L —> L, {a, b} = [a(a), /3(6)], for all a,b E L, then 
L( a ,/3) '■= {L,{—},a, (3) is a BiHom-Lie algebra, called the Yau twist of (L, [—]). 

We define representations of BiHom-associative algebras and BiHom-Lie algebras and find 
some of their basic properties. Then we introduce BiHom-coassociative coalgebras and BiHorn- 
bialgebras together with some of the usual ingredients (comodules, duality, convolution product, 
primitive elements, module and comodule algebras). We define antipodes for a certain class of 
BiHom-bialgebras, called monoidal BiHom-bialgebras, leading thus to the concept of monoidal 
BiHom-Hopf algebras. We define smash products, as particular cases of twisted tensor products, 
introduced in turn as a particular case of twisting a BiHom-associative algebra by what we call 
a BiHom-pseudotwistor. We write down explicitly such a smash product, obtained from an 
action of a Yau twist of the quantum group U q (s\ 2 ) on a Yau twist of the quantum plane A q . 

As a final remark, let us note that one could introduce a less restrictive concept of BiHom- 
associative algebra by dropping the assumptions that a and /3 are multiplicative and/or that 
they commute (note that all the examples of g-deformations of Witt or Virasoro algebras are not 
multiplicative). Unfortunately, by dropping any of these assumptions, one loses the main class 
of examples, the Yau twists, in the sense that if A is an associative algebra and a, /3: A —> A 
are two arbitrary linear maps, and we define as before a* b = a(a)/3(b), then (A, *) in general 
is not a BiHom-associative algebra even in this more general sense. 

2 The category ^(C/, C) 

Our aim in this section is to introduce so-called group Hom-categories; proofs of the results in 
this section may be found in [14]. 

Definition 2.1. Let Q be a group and let C be a category. The group Hom-category H(Q,C) 
associated to Q and C is the category having as objects pairs (A,/a), where A £ C and /a is 
a group homomorphism Q —>Autc(A). A morphism £: (A, /a) —> (B,fs) in H(Q,C) is a mor- 
phisrn £: A —> B in C such that fs(g) 0 £ = £ 0 /a(<?), for all g e Q ■ 

Definition 2.2. A monoidal category (see [17, Chapter XI]) is a category C endowed with 
an object 1 G C (called unit), a functor < 8 >: C x C —> C (called tensor product) and functorial 
isomorphisms ax,Y,z '■ (A" < 8 > Y) G Z —> X < 8 > (Y ® Z), lx : 1 < 8 > X —> X, rx '■ X < 8 > 1 —> X, for every 
X, Y, Z in C. The functorial isomorphisms a are called the associativity constraints and satisfy 
the pentagon axiom, that is 

(U <8> ay,w,x) 0 ajj,v®w,x 0 ( au,v,w <8> A) = au,v,w®x 0 au®v,w,x 

holds true, for every U, V, W, X in C. The isomorphisms l and r are called the unit constraints 
and they obey the Triangle Axiorn, that is 

(V < 8 > lw ) 0 av,i,w = r v < 8 > W, for every V, W in C. 

A monoidal functor (F,tj>2,4>o)- (C,®,l,a,l,r) —> (C', ®', 1', a', l', r') between two monoidal 
categories consists of a functor F: C —> C', an isomorphism (f> 2 (U, V): F(U)<S>'F(V) —> F(U < 8 >U), 
natural in U,V E C, and an isomorphism 1' —> F( 1 ) such that the diagram 

(F(U)®'F(V))®'F(W' ? 2{Uy) ®' F(W) > F(U®V)S'F(W) U2{U0V ’ H) F((U®V)®W) 

a F(U),F(V),F(W) F{auv, w) 

F(U)S' (F(V)S' F(W) f (U)0 ' Ml M) > F(U)®'F(V®W) fe(LU/ °' V) > F(U®(V®W)) 
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is commutative, and the following conditions are satisfied 

F(lu) o 0 2 (1, U) o {<h®'F{U)) = l' F{u) , F{ru) o fa{U, 1) o {F{U)®'<M = r' F(u) . 

Claim 2.3. Let Q be a group and let (C,< 8 >, 1 ,a,l,r) be a monoidal category. Given any pair 
of objects (A, f A ), ( B , fg) E / H(Q,C), consider the map /a <8 /s : <? —>■ Autc(A <g) B) defined by 
setting 

Ua < 8 > fB)(g) = fA(g) ® fB(g), 

for all g E Q. Then /4 < 8 > fs is a group homomorphism and hence 
(A®B,f A ®f B )€H(Q,C). 

Moreover, if f>\ (A, f A ) —> (A, f A ) and £: (B, fg) —> (B, fġ) are morphisms in H(Q, C), then 
<£< 8 >£: (A< 8 > B, /a< 8 > f B ) (À < 8 > B,f À ® f à ) 
is a morphism in H(Q,C). 

Let Z(Q) be the center of Q and let c E Z(Q). Then we can consider the functorial isomor- 
phisrn <p(c): Id y.(G,c) Id^^c) defined by setting 

<p(c)(A,f A ) = f a(c), for every (A, f A ) in H(Q,C). 

Also, let Idi: Q —» Autc(l) denote the constant map equal to Idi. 

Let c, d E Z(Q) and let v E Autc(l). We set 

a cAu = a o [(<p(c) <8> Id W ( SiC )) 8> <p(d)\, T' d ' v = <p(d ^ 1 ) olo(v® Id u(g,c)), 
r c,d,u = <p(c) oro( Id mC ) <8^) • 

Theorem 2.4. In the setting of Claim 2.3, the category 

H c,d,u (Q,C) = (H(Q,C),®,(l,MUX ,d,u X’ d ’ U ,r c,d,u ) 

is monoidol. 

From now on, when (C,®,l,a,l,r) is a monoidal category, Q is a group, c, d E Z(Q) and 
v E Autc(l), we will indicate the monoidal category defined in Theorem 2.4 by H c,d,v (Q,C). In 
the case when c = d = lg and v = Idi, we will simply write H(Q,C). 

Theorem 2.5. Let (C,®,l,a,l,r) be a monoidal category and Q a group. Then the identity 
functorT: H c,d,v (Q,C) —> H(Q,C) is a monoidal isomorphism via 

4>o = 1/1 '■ (l, Idi) -A (l, Idi) and h((A, f A ),(B, f B )) = /a(c _1 ) <8 f B (d), 

for every (A, f A ), (B, f B ) E H c,d,v (Q,C). 

Definition 2.6 (see [17]). A braided monoidal category (C, < 8 ,1, a, l, r, 7 ) is a monoidal category 
(C,<S>,l,a,l,r) equipped with a braiding 7 , that is, an isomorphism 7 uy- U <8 V —> V <8 U, 
natural in U, V E C, satisfying, for all U,V,W E C, the hexagon axioms 

av, w,u o lu,v®w o clu,v,w = (V <8 ju,w) ° av,u,w ° ( 7 u,v <8> W), 

a w, u,v 0 lu®v,w o a u,v,w = (tu,w 8> V) o a u wv o (U <8 7 v,w)- 

A braided monoidal category is called symmetric if we further have 7 v,u ° Tu,v = f° r 

every U, V E C. A braided monoidal functor is a monoidal functor F: C => C such that 

F(TU,v) o M U > V ) = M V i U ) 0 7 F(U),F(V)’ 


for every U,V E C. 



6 


G. Graziani, A. Makhlouf, C. Menini and F. Panaite 


Claim 2.7. Let Q be a group and let (C, <8>, 1, a, l, r, 7 ) be a braided monoidal category. Let 
c, d E Z(C7) and let z/ E Autc(l). We will introduce a braided structure on the monoidal category 
n c ’ d ’ u (G,C) by setting, for every (A, f A ) and (B,f B ) in H(G,C), 

^AJaUbj b ) = 7 a,b ° (. fA(cd ) ® /.(c-r 1 )), 

Theorem 2.8. /n i/ie setting of Claim 2.7, the category 

{H(G , C), ®, (1, Idi), a c - d >* / , T d ' v , F c > d >*', 7 c ’ d ’") 
a braided monoidal category. 

From now on, when (C, G, 1 , a, l, r, 7 ) is a braided monoidal category and G is a group, we 
will still denote the braided monoidal structure defined in Theorem 2.8 with H c ’ d ’ u (G, C). In 
the case when c = d = lg and v = idi, we will simply write respectively H(G,C) instead of 
H c ’ d ’ u (G,C) and 7 (AJ a ),(bj b ) mstead of 7 

Theorem 2.9. Let G be a group and let (C, <8>, 1, a, l, r, 7 ) be a braided monoidal category. Then 
the identity functor 1: H c,d ' v (G,C) —> H(G,C) is a braided monoidal isomorphism via 

f>Q = v~ l : (l, Idi) —>• (1, Idi) and M( A , f A ),(B, f B )) = /a(c _1 ) <S> f B (d), 

for every (A, f A ), (B, f B ) € H c ' d ' u (G,C). 

Remark 2 . 10 . Let G be a torsion-free abelian group. Corollary 4 in [4] states that, up to 
a braided monoidal category isomorphism, there is a unique braided monoidal structure (actually 
symmetric) on the category of representations over the group algebra k[£ 7 ], considered monoidal 
via a structure induced by that of vector spaces over the field k. Thus Theorem 2.9 can be 
deduced from this result whenever G is a torsion-free abelian group. We should remark that this 
result in [4] stems from the fact that the third Harrison cohomology group H^ aiI (G, k, G m ) has, 
in this case, just one element. If G is not a torsion-free abelian group then this rnight not happen. 
As one of the referees pointed out, in the case when k = C and G = C 2 then H^ aiI (G, k, G m ) 
has exactly two elements and so in this case there are two distinct equivalence classes of braided 
monoidal structures on the category of representations over the group algebra k[C/], considered 
monoidal via a structure induced by that of vector spaces over the field k. This does not 
contradict our Theorem 2.9. In fact, there might exist braided monoidal structures different 
frorn the ones considered in the statement of Theorem 2.9. 

Claim 2 . 11 . Let (C, <g>, 1, a, l, r) be a monoidal category and G a group, let c,dE Z(G) and 
v E Autc(l). A unital algebra in H c ’ d ' u (G,C) is a triple ((A, fX), p>,u) where 

1) (A, f A ) E H(G,C); 

2 ) p: (A® A, fA® /a) —> (A, /a) is a morphism in H(G, C ); 

3) u: (l,Idi) -» (A,fjf) is a morphism in H(G,C)\ 

4) p o (p, <g) A) = p, o (A <g> p) o a^X,A, 

5) p o (u < 8 > A) o (Ta' u )~ 1 = Ma; 

6 ) Ma = n o (A <8 u) o (f cAu )~ l . 

Definition 2 . 12 . Given a monoidal category A4, a quadruple (A,p,u,c) is called a braided 
unital algebra in Ai if (for simplicity, we will omit to write the associators); 
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• (. A,ji,u) is a unital algebra in M; 

• (A, c) is a braided object in M, i.e., c\ A ® A —> A(g)Ais invertible and satisfies the 
Yang-Baxter equation 

(c<g) A)(A ® c)(c ® A) = (A ® c)(c ® A)(A ® c); 

• the following conditions hold: 

c(n ® A) = (A ® //)(c® A)(A ® c), c(A ® //) = (/x ® A)(A ® c)(c ® A), 
c(u ® A )^ 1 = (A ® u)^ 1 , c(A ® tt)r^ 1 = (u® A)l. 

A braided unital algebra is called symmetric whenever c 2 = Id^- 

Definition 2.13. Given an additive monoidal category M, a braided Lie algebra in M consists 
of a triple (L, c, [—]: L ® L —> L) where (L, c) is a braided object and the following equalities 
hold true: 


[—] = — [—] o c (skew-symmetry); 

[-] o (L ® [-]) o [ Id L(gl(L(g)L) +(L ® c)a LiL , L (c ® L)a^ LL 

+ <il,l,l(c ® L)a LL l (L ® c)] =0 (Jacobi condition); 
co (L® [—])a LjL)L = ([-] ® L)a~j^ L L (L ® c)a LjL;L (c® L); (2.1) 

c o ([-] ® L)a~ L \ L = (L ® [—])a LjLjL (c ® L)a~ L \ L (L®c). (2.2) 

Let A1 be an additive braided monoidal category. A Lie algebra in A1 consists of a pair 
(L, [—]: L ® L -» L) such that (L, c L)L , [—]) is a braided Lie algebra in the additive monoidal 
category Al, where c L)L is the braiding c of M evaluated on L (note that in this case the 
conditions ( 2 . 1 ) and ( 2 . 2 ) are automatically satisfied). 

Claim 2.14. Given a symmetric algebra (A, n,u,c), one has that [—] := /t o (Id^ —c) defines 
a braided Lie algebra structure on A (see [13, Construction 2.16]). 

In a symmetric monoidal category (C, ®, 1, a, l, r, c), it is well known that any unital algebra 
(A,fa,u) gives rise to a braided unital algebra (A, h,u,ca,a)- 

3 Generalized Hom-structures 

Let k be a field and let ^M be the category of linear spaces regarded as a braided monoidal 
category in the usual way. Then, for every group Q, the category H(Q,uM) identifies with the 
category k[£]-Mod of left modules over the group algebra k[Q]. 

Let c,d £ Z(Q) and v an automorphism of k regarded as linear space over k, that is v is 
the multiplication by an element of k\{0} that we will also denote by v. Note that, given 
X,Y, Z € k[C?]-Mod, we have 

a c ^Y z (( x ® y) ® z) = c • x ® (y ® d ■ z), for every x G X,y G Y, z G Z, 

l°x' V (t ® x) = d~ l ■ ( vtx) and rjJ’ L '(x ® t) = c • (vtx), 

for every t € k and x € X, 

so that 

(J c À d ’ u ) X (x’) = (v~ l ® d ■ x) and (f c >+ 1 ') X (x) = (c _1 • x ® z/ _1 ), 
for every x E Y. 

The unit object of 'H c,d,u (Q, kM) is {1^} regarded as a left k[<J]-module in the trivial way. 
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Claim 3.1. In view of 2.11, a unital algebra in 'H c,d,u (G, k-Ad) is a triple ((A, where 

1) Aek[g]-Mod; 

2) /r:A(g>A-*Aisa morphism in k[£7]-Mod, i.e., g ■ ( ab ) = ( g ■ a)(g ■ b), for every g e Q, 
a, b G A; 

3) u: {lk} —> A is a morphisms in k[C/]-Mod, i.e., g ■ rt(lk) = w(lk)i f° r every g e Q; 

4) (x ■ y) ■ z = (c ■ x) ■ [y ■ (d ■ z)\, for every x,y,z € A, which is equivalent to 

(c ■ x) ■ (y ■ z) = (x ■ y) ■ (cT 1 ■ z), Vx,y,z E A; 

5) u/v^ 1 ) ■ (d ■ x) = x, for every ili; 

6) (c -1 • x) ■ u( i' -1 ) = x, for every i£l 

Note that when c = d = lg and v = lt, it turns out that A is sirnply a k[t/]-module algebra. 

Example 3.2. Let M be a k-linear space and Q = TL^1L. Then a group morphism f M ■ Z x Z —> 
Autk(M) is completely determined by 

/m(( 1,0)) = a M and f M (( 0, 1)) = fi M - 

Thus an object in 'H( r L X Z, kAl) identifies with a triple (M, a M , /3 M ), where a M , fd M E Autk(M) 
and a M o f} M = (3 M o a M . Also, a morphism /: (M, a M , (3 M ) — > ( N,a n, (3n) is just a linear map 
/: M —»• N such that / oa M = aj\r° f and f o(3 M = (3n° f ■ Moreover, the tensor product, in the 
category, of the objects (M,a M , (3 M ) and (N, on,(3n) is the object (M<g>N, a M gaN, (3 M g (3n)- 
We set c = (1, 0), d = (0,1) and v = l^. For (X, ax, Px), (Y, ay, (3y), (Z, az, (3z) objects in 
'%( 1 ’°)’(o , i)’i(Z x Z,kA4), the associativity constraints in j ^( 1 ’°)>(0j 1 )> 1 (Z x Z,kA i) are given by 

■■ a ® Y) ® Z -> v ® (Y * Z), 

(“ ’ ’ ) (X,a x ,Px),(y,a Y ,M,(Z,a z ,Pz) = ax , Y , z ° [(“ A ' ® ^ ) 0 P Z ] > 

and the braiding is 

%x Mx ,M,(Y,a Y ,M = ^[(a^x 1 ) ® (ay^ 1 ) -1 ] = r[(a x ( 3* 1 ) ® («yfr)], 

where r: X gY Y g X denotes the usual flip in the category of linear spaces. Note that 7 
is a symmetric braiding. 

Then, in view of 3.1, an algebra in %( 1 ’ 0 )’( 0 ’ 1 )’ 1 (Z x Z,kA4) is a triple (( A,a, /3), /x,u ), where 

1) a, (3 E Autk(A) and a o (3 = (3 o a; 

2) /j,: (AgA, aga, /3g/3) —> (A, a, (3) is a morphism in k[Z x Z]-Mod, i.e., a(a-b) = a(a)-a(b) 
and (3(a ■ b) = (3(a) ■ (3(b) for every a, b E A; 

3) u: {ljc} —> (A, a, (3) is a morphisms in k[Z x Z]-Mod, i.e., a(tt(lk)) = tt(lk) and /3(u(lk)) = 
w(lk); 

4) a(x) ■ (y ■ z) = (x ■ y) ■ (3(z), for every x,y,z E A; 

5) it(lk) • (/3~!(x)) = x, for every x E A, which is equivalent to it(lk) • x = (3(x), for every 
x E A; 

6) (a _1 (x)) • w(lk) = x, for every x E A, which is equivalent to x ■ u( lk) = a(x), for every 
x <E A. 

Inspired by Example 3.2, we introduce the following concept. 
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Definition 3.3. Let k be a field. A BiHom-associative algebra over k is a 4-tuple (A, /r, a, (3), 
where A is a k-linear space, a: A —>• A, (3: A —>• A and /x: A <8 A —> A are linear maps, with 
notation fi(a <8> a ') = aa', satisfying the following conditions, for all a,a',a" E A: 


a o /3 = /3 o a, 

a(aa ) = a(a)a(a) and (3(aa ) = f3(a)(3(a') (multiplicativity), 
a(a)(a'a") = (aa')(3(a") (BiHom-associativity). 

We call a and /3 (in this order) the structure maps of A. 

A morphism f: (A, /j,a, aA, (3 a) (B, f-B, olb, Pb) of BiHom-associative algebras is a linear 

map f:A=tB such that a B o f = f o a A , Pb ° f = f ° Pa and / o /j A = fi B o (f <8 /). 

A BiHom-associative algebra (A, /x, a, (3) is called unital if there exists an element 1 A E A 
(called a unit) such that a( 1 A ) = 1 A , /3(1 A ) = 1 a and 

al A = a(a) and l A a = (3(a), VaEA. 


A morphism of unital BiHom-associative algebras /: A —> B is called unital if f(l A ) = 1 B . 

Remark 3.4. A Hom-associative algebra (A, /j, a) can be regarded as the BiHom-associative 
algebra (A, /x, a, a). 

Remark 3.5. A BiHom-associative algebra with bijective structure rnaps is exactly an algebra 
in %( 1,0 M 0,1 ) ,1 (Z x Z, k M). On the other hand, in the setting of Claim 3.1, if we define the 
maps a, (3: A —> A by a(a) = c ■ a and (3(a) = d -1 • a, for all a E A, the axiom 2) in Claim 3.1 
implies that a and (3 are multiplicative and then the axiom 4) in Claim 3.1 says that (A, /t, a, (3) 
is a BiHom-associative algebra. 


Example 3.6. We give now two families of examples of 2-dimensional unital BiHom-associative 
algebras, that are obtained by a computer algebra system. Let {ei,e 2 } be a basis; for i = 1,2 
the maps a^, /3j and the multiplication /x ? ; are defined by 


ol i(ei) = ei, ai(e2) = ^—^ei — e2, 

(3i(ei) = ei, (3i(e 2 ) =-aei + be 2 , 

Mi(ei, ei) = ei, /x i(ei, e 2 ) = -aei + be 2 , 

2a a 2 (b- 2 ) 

hi( e 2; ei) — ^ _ -^ ei — e 2 , /i i(e 2 , e 2 ) — — ^ ^ 2 ei + ae2 ’ 


and 


a 2 (ei) — ei, 
/3 2 (ei) = ei, 

M2(ei,ei) = 
h2(e 2 ,ei) = 


. . 6(1 — a) 

« 2 (e 2 ) =-ei + ae 2 , 

a 

/3 2 (e 2 ) = 6ei + (1 - a)e 2 , 
ei, /U 2 (ei,e 2 ) = be\ + (1 - a)e 2 
6(1 — a) 


-ei + ae 2 , 


^ 2 (e 2 , e 2 ) = -e 2 , 
a 


where a, b are parameters in k, with 6 1 in the first case and a 0 in the second. In both 

cases, the unit is ei. 


Claim 3.7. In view of Theorem 2.5, if (A, fi, a, (3) is a BiHom-associative algebra, and a and /3 
are invertible, then (A,fio (cC 1 <8 /3 -1 ), Id^, Id^) is a BiHom-associative algebra, i.e., the mul- 
tiplication /t o (a -1 <8 /3 -1 ) is associative in the usual sense. 
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On the other hand, if A <g) A -» A) is an associative algebra and a, (3: A —» A are 

commuting algebra endomorphisms, then one can easily check that (A,fi o (a (g> (3),a,/3) is 
a BiHom-associative algebra, denoted by A^ a ^ and called the Yau twist of (A,/i). 

In view of Claim 3.7, a BiHom-associative algebra with bijective structure rnaps is a Yau 
twist of an associative algebra. 

The Yau twisting procedure for BiHom-associative algebras admits a more general form, 
which we state in the next result (the proof is straightforward and left to the reader). 

Proposition 3.8. Let (D,fi,à, (3) be a BiHom-associative algebra and a,(3: D -+ D two multi- 
plicative linear maps such that any t.wo of the maps à, (3, a, (3 commute. Then (D,fio (a<8> /3), 
à o a,(3 o (3) is also a BiHom-associative algebra, denoted by D( a g\. 

Example 3.9. We present an example of a BiHom-associative algebra that cannot be expressed 
as a Hom-associative algebra. Let k be a field and A = k[X]. Let a: A —> A be the algebra map 
defined by setting a(X) = X 2 and let (3 = Id k [ Y ]- Then we can consider the BiHom-associative 
algebra A( a p\ = (A,fi o (a ® (3),a,(3), where fi: A <g> A —> A is the usual multiplication. For 
every a, a' E A set 

a * a' = fi o (a <8> (3)(a <8> a ) = a(a)a'. 

Let us assume that there exists 6 E End(k[A]) such that (A, fio (a® (3),6) is a Hom-associative 
algebra. Then we should have that 

0(X) * (X * X) = (X * X) * 6(X). (3.1) 


Write 

n 

6(X) = Y, atX 1 , where a* E k for every i = 0 , 1 ,..., n and a n / 0 . 
i =o 

Since 

X * X = a(X)X = X 3 , 

(3.1) rewrites as 

n n 

Y ciiX' * X 3 = X 3 *Y a iX\ 

2—0 2—0 

and hence as 

n n 

Y a MXYX 3 = a(X) 3 Y a iX\ 

2=0 2=0 

i.e., 

n n 

Y a M 2i+3 = Y a iX 6+ \ 

2=0 2=0 

which implies that 

2n + 3 = 6 + n, i.e., n = 3, and hence 

a 0 X 3 + aiA 5 + a 2 X 7 + a 3 X 9 = a 0 X 6 + a^A 7 + a 2 X 8 + a 3 X 9 , 



BiHom-Associative Algebras, BiHom-Lie Algebras and BiHom-Bialgebras 


11 


so that 

6(X) = a 3 X 3 . 

Let us set c = a 3 and let us check the equality 
9(X 2 ) * (X * X) = (.X 2 * X) * 9(X). 

The left-hand side is 

9(X 2 ) * (X * X) = c 2 X 6 * X 3 = a(c 2 X 6 )X 3 = c 2 X 15 . 

The right-hand side is 

(X 2 * X) * 9(X) = (a(X 2 )X) * 9(X) = X 5 * 9(X) = cX 10 X 3 = cX 13 . 

Thus the equality does not hold. 

Remark 3.10. Given two algebras (A, /j,a, 1 A ) and (B,y B , 1 b) in a braided monoidal category 
(C, < 8 >, 1, a, l, r, c), it is well known that A® B becomes also an algebra in the category, with 
multiplication /ia®b defined by 

HA®B = (^A <8 y B ) ° a A,A,B®B ° a A,B,B) 

O (A® (c b ,a <8 B)) O (A < 8 > a B ) AB ) o a A ,B,A®B ■ 

In the case of our category T-L c ' d,u (Q, kAd), we have, for every x,y £ A, x', y' £ B: 

Ha®b((x <8> y) <8> (x' <8> y')) = ((/L4 <8> ^b) ° a ~A,A,B®B °(^® a A,B,B ) 

o (A < 8 > (c b ,a <8 B)) o (A < 8 > o^a,b) ° a A,B,A®B)((x < 8 > y) < 8 > (x' < 8 > y')) 

= ((ha < 8 > /jL B ) o a AX,B®B °( A ® a A,B,B) ° (A < 8 > (c B ,A < 8 > B)) 

O (A < 8 > cl b )a,b)) ( cx <8 (y < 8 > (dx' <8 dy'))) 

= ((ha <8 y B ) o aj) A , mB o (A < 8 > cl A ,b,b )) (cx <8 ((c _ 1 x' < 8 > dy) <8 y')) 

= ((ha <8 hb) o cl a )a,b®b ) ( cx <8 (aj' <8 (dy <8 dy'))) 

= (ha <8 //b)(0e <8 x') <8 (y <8 y')) = (x • x') <8> (y • y')- 

In particular, if (A,a A , Pa) and (B,a B , f3 B ) are two algebras in '%( 1 >°M°i 1 ), 1 (;2 x Z, \M), their 
braided tensor product A®B in the category is the algebra (A < 8 > B,a A ® ot B , /3 A <8 /3 B ), whose 
multiplication is given by (a <8 b)(a' < 8 > b’) = aa' < 8 > bb', for all a,a’ £ A and b, b' £ B. 

Remark 3.11. If (A, y A , ot A , f3 A ) nnd (B, fi B , a B , /3 B ) are two BiHom-associative algebras over 
a field k, then (A®B, y A ®B, ot A ®a B , /3 A ®(3 B ) is a BiHom-associative algebra (callecl the tensor 
product of A and B), where ha®b is the usual multiplication: (a < 8 > b)(a' < 8 > b') = aa' < 8 > bb'. If A 
and B are unital with units 1 A and respectively l B then A® B is also unital with unit l A ®l B . 
This is consistent with Remark 3.10. 

Example 3.12. In view of Definition 2.13, a Lie algebra in 'H c,d ’ u (Q, k-Ad) is a pair ((L, f B ), [—]), 
where 

1) (L,/l) £ k[C/]-Mod; 

2) [—]: L < 8 > L —> L is a morphism in k[C/]-Mod; 

3 ) [-] = —[—]° 7 L,L\ 
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4) 

[-] o (L <g> [-]) + [-] o (L <8) [-]) o (L <g> 7l,l)«LLl(7l,l l )«l,l,l 
+ [-] o(L« [-])ol,l,l(7l,l ® L)àl\ L {L <g> 7 ivL ) = 0, 

where 7 l,l = r ° {f L {cd) <8> /L(c - 1 (i _1 )) and r is the usual flip. 

We will write down 4) explicitly. We have 

(( L ® 7l,l)«l,l,l (7l,l ® l )«l,l,l) (* ® (y ® «)) 

= (L <g> 7L+) «L,L,L (7L,L ® L ) ((c -1 X <g> y) <8> d _1 ^) 

= (L <g> 7 l,l) «l,l,l ((c -1 d -1 y <g> cdc -1 x) <g> d _1 2 <) 

= (L <g) 7l,l) (cc _1 d _1 y <g) (cdc _1 x <g> d(i -1 z)) 

= cc _1 d _1 ?/ <g) (c _1 d _1 <i<i _1 z <g) cdc,dc ~ 1 x) 

= d -1 y <8) (c -1 (i _1 2 ; <g> dcdx), 

therefore 

H 0 (L <8> [—])((L <8> 7l,l)«l,l+ (7l,l ® l )«l,l,l) z)) 

= [(i _1 y, [c -1 (i -1 z,cd 2 x]], 

and 

(«L,L,L (7l,l ® l )«l,l,l ( l ® 7l,l)) (® ® (y ® «)) 

= «l,l,l(7l,l G> l )«l,l,l( x ® (c <8> cdy)) 

= «l,l,l(7l,l G> l ) (c -1 x <g) (c -1 <i _1 z <g> d _1 cdy)) 

= «L,L,L (7l,l G> l ) ((c -1 £ <g> c -1 (i _1 2 :) <g> cy) 

= a L ,L, L {( c ~ 2 d~ 2 z <S> cdc -1 .x) <g> cy) 

= ((c -1 (i _2 z <g> dx) <g> cdy ), 

hence 

[-] o {L <g> [-]) (ol,l,l (7l,l ® l )«Z,l,l ( l ® 7l,l)) (* ® (?/ ® *)) = [c -1 (i -2 z, [dx, cdj/]]. 

Thus 4) is equivalent to 

[x, [y, 2 ]] + [(i -1 y, [c -1 <i -1 2 :, cd 2 .x]] + [c -1 (i -2 2 :, [(ix, cdy]] = 0, for every x,y,z G L, 

which is equivalent to 

[d _2 x, [d -1 (/, C2:]] + [d _2 y, [d _1 2 :, cx]] + [d -2 2:, [d _1 a;, cy]] = 0, for every x,y,z € L. 

Thus, a Lie algebra in 'H c,d,L '{Q, kAd) is a pair (L, [—]), where 

1) LGk[g]-Mod; 

2) 5<[<r,y] = \gx,gy\, for every x,y € L; 

3) [x,y] = — [c -1 (i -1 y, cdx], for every x, y G L, i.e., [x,cdy] = — [y, cdx], for every x,y £ L 

(skew-synnnetry); 
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4) (d 2 x, [d x y, cz ]] + [d 2 y, [d x z, cx]\ + [d 2 z, [d l x, cy ]] = 0, for every x,y,z G L (Jacobi 
condition). 

In particular, a Lie algebra in 7 /( 1 ’ 0 ),(o,i),i^ x Z,^A4) is a pair (( L,a,/3 ), [—]), where 

1 ) a, /3 £ Autt(L) and a o (3 = (3 o oc, 

2) [—]: (L <S> L, a (g> a, (5 < 8 > /3) -+ ( L,a,/3 ) is a morphism in k[Z x Z]-Mod, i.e., a[a, 6 ] = 
[a(a),a( 6 )] and /3[a, 6 ] = [f3(a), /3(b)\, for every a,b e L; 

3) [a, a/3 _ 1 (6)] = — [ 6 , a/3 _ 1 (a)], for every a, 6 G L, which is equivalent to [/3(a),a(6)] = 
— [/ 8 ( 6 ), a(a)], for every a, b G L; 

4) [^ 2 x, [/3y, az]] + [/3 2 y, [/3z, ax]] + [/3 2 z, [f3x, ay]\ = 0, for every x,y,z€ L. 

Inspired by Example 3.12, we introduce the following concept. 

Definition 3.13. A BiHom-Lie algebra over a field k is a 4-tuple (L,[—\,a,/3), where L is 
a k-linear space, a: L -+ L, /3: L -+ L and [—]: L ® L -+ L are linear maps, with notation 
[—](a <8> a') = [a, a’\, satisfying the following conditions, for all a, a', a" G L: 

a o /3 = /3 o a, 

a([a',a"\) = [a(a'),a(a")\ and f3([a', a"\) = [/3(a'), /3(a")\, 

[/3(a), a(a 7 )] = —[/3(a'),a(a)\ (skew-symmetry), 

[I3 2 (a),(l3(a'),a(a")]\ + [l3 2 (a'),(/3(a"), a(a)}] + [f3 2 (a''),[/3(a),a(a')\} =0 
(BiHom-Jacobi condition). 

We call a and (3 (in this order) the structure maps of L. A morphism f: (L, (—\,a,f3) -+ 
(L', [— \',a',(3') of BiHom-Lie algebras is a linear map f: L -+ L' such that a' o f = f o a, 
f3' ° f = f° f3 and f((x,y\) = (f(x),f(y)]', for all x,y G L. 

Thus, a Lie algebra in 7 +*- 1 ’ 0 )’/ 0 ’ 1 )’ 1 (Z x Z,kAI) is exactly a BiHom-Lie algebra with bijective 
structure maps. 

Remark 3.14. Obviously, a Hom-Lie algebra (L,[—\,a) is a particular case of a BiHom-Lie 
algebra, namely (L, [— },a,a). Conversely, a BiHom-Lie algebra (L, [—\,a,a) with bijective a is 
the Hom-Lie algebra (L, [—],a). 

In view of Claim 2.14, we have: 

Proposition 3.15. If (A, y,a, /3) is a BiHom-associative algebra with bijective a and /3, then, 
for every a, a' G A, we can set 

(a,a'] = aa' — (a - 1 / 0 (a / )) (a/3 - 1 (a)). 

Then (A, [—],a, f3) is a BiHom-Lie algebra, denoted by L(A). 

The proofs of the following three results are straightforward and left to the reader. 

Proposition 3.16. Let (L, [—]) be an ordinary Lie algebra over a field k and let a,(3: L -+ L 
two commuting linear maps such that a((a, a'\) = (a(a),a(a')\ and f3((a,a'\) = (f3(a), /3(a')\, for 
all a, a' G L. Define the linear map {—} : L ® L —> L, 

{a, 6 } = (a(a), /3(b)\, for all a,b G L. 

Then L( a m := (L, {—}, a, /3) is a BiHom-Lie algebra, called the Yau twist of (L, [—]). 
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Claim 3.17. More generally, let (L, [— ],a,/3) be a BiHom-Lie algebra and a',/3 1 : L —>• L linear 
maps such that a'([a,b]) = [a'(a), a'(b)\ and f3'([a, 6 ]) = [j3'(a), (3'(b)\ for all a,b £ L, and any 
two of the maps a,(3,a',(3' commute. Then (L, [— \[ a ',i3') := [ — ] ° (a' ® fi')-, a ° a',/3 o /3') is 
a BiHom-Lie algebra. 

Proposition 3.18. Let ( A , y) be an associative algebra and a, (3: A—> A two commuting algebra 
isomorphisms. Then L(A( a ^) = L(A)f a m, as BiHom-Lie algebras. 

Remark 3.19. Let Q be a group and c,d£ Z(Q), u £ Autc(l). It is straightforward to 
prove that the category TL c,d ’ u (Q, kA4) fulfills the assumption of [5, Theorem 6.4]. Hence, for 
any Lie algebra (L, [—]) in 'H c,d,v (Q, ^M), we can consider the universal enveloping bialgebra 
U((L,[—\)) as introduced in [5]. By [5, Remark 6.5], U((L,[—])) as a bialgebra is a quotient 
of the tensor bialgebra TL. The morphism giving the projection is induced by the canonical 
projection p: TL —> U(L, [—]) defining the universal enveloping algebra. At algebra level we 
have 

TT 

TL 

([x,y\ -x<g)y+ (/L(c _1 d _1 )(y)) ® f L (cd)(x)\x,y £ L) 

By Theorem 2.9, the identity functor X: TL c,d ’ u (Q , ^M) —> TL(Q,\M) is a braided monoidal 
isomorphism. Let F: TL(Q,\M) —> k M be the forgetful functor. Then F o X is a monoidal 
functor TL c ’ d ’ u (Q,tM) — > k-Ad to which we can apply [5, Theorem 8.5] to get that TL c ’ d,u (Q,^M) 
is what is called in [5] a Milnor-Moore category. This implies that, by [5, Theorem 7.2], we 
have an isomorphism (L, [—]) —> VU((L, [—])), where VU((L, [—])) denotes the primitive part of 
U((L, [—]))• That is, half of the Milnor-Moore theorem holds. 

The case Q = Z can be found in [5, Rernark 9.10]. 

In the particular case of a Lie algebra ((L, a, (3), [—]) in %( 1 >°)>(°> 1 )>i(2 x Z, k-Ad) we have that 

TL 

U<kL ^ ([x,y\ - x ®y + (a~ l (3)(y) <g> (a/3 _ 1 )(x) \x,y £ L )' 

Enveloping algebras of Hom-Lie algebras where introduced in [29] (see also [ 8 , Section 8 ]). 


4 Representations 

Frorn now on, we will always work over a base field k. All algebras, linear spaces etc. will be 
over k; unadorned <S> means <8>k- For a comultiplication A: C — > d ® C on a linear space C, 
we use a Sweedler-type notation A(c) = ci <8> C 2 , for c £ C. Unless otherwise specified, the 
(co)algebras ((co)associative or not) that will appear in what follows are not supposed to be 
(co)unital, and a multiplication y: V — Hona linear space V is denoted by juxtaposition: 

fj(vS>v') = vv'. For the composition of two rnaps / and g, we will write either go f or sirnply gf. 
For the identity map on a linear space V we will use the notation idy. 

Definition 4.1. Let (A, pa, a\, (3a) be a BiHom-associative algebra. A left A-module is a triple 
(M, aM, Pm), where M is a linear space, aM, (3m : M —> M are linear maps and we have a linear 
map A® M —> M, a® m a ■ m, such that, for all a, a! £ A, m £ M, we have 


a M ° (3m = (3m ° aM, 

(4.1) 

aM(a ■ m) = aA(a) ■ OM(m), 

(4.2) 

(3m (a ■ m) = (3 A (a) ■ (3 M (m), 

(4.3) 
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aA(a) ■ (a' ■ m) = (aa') ■ /3jvr(m). (4.4) 

If (M,cxm, /3m) and (N,aN, Pn) are left A-modules (both A-actions denoted by •), a mor- 
phisrn of left A-modules /: M —» N is a linear map satisfying the conditions cxn ° f = f ° olm , 
Pn ° f = f ° Pm and f(a ■ m) = a ■ f(m ), for all a E A and m E M. 

If (A, [ia, ola, Pa, 1a) is a unital BiHom-associative algebra and (M, olm, Pm) is a left A- 
module, them M is called unital if 1a • m = /3M(m), for all m E M. 

Remark 4.2. If (A, /i, a, /3) is a BiHom-associative algebra, then ( A,a,f3 ) is a left A-module 
with action defined by a ■ b = ab, for all a, 6 £ A. 

Lemma 4.3. Let (E,/jl, 1 e) be an associative unital algebra and u,v E E two invertible elements 
such that uv = vu. Define the linear maps &,j3:E—tE, à(a) = uau~ l , j3(a) = vav -1 , for all 
a E E, and the linear map fi: E ® E —>• E, fi(a ®b) := a*b = uau -1 bv -1 , for all a,b E E. Then 
(E, fi, ol, (3) is a unital BiHom-associative algebra with unitv, denoted by E(u,v). 

Proof. Obviously à o j3 = (3 o à because uv = vu. Then, for all a,b,c E E: 

à(a) * à(b) = ( uau~ l ) * (ubu -1 ) = uuau -1 u -1 ubu -1 v -1 

= uuau -1 bu -1 v - = à(uau -1 bv -1 ) = à(a * b), 

/3(a) * /3(6) = ( vav -1 ) * (vbv -1 ) = uvav -1 u -1 vbv -1 v -1 

= uvau -1 bv -1 v -1 = ^(uau-^bv- 1 ) = /3(a * 6 ), 
à(a) * (b* c) = (uau- 1 ) * (u 6 ri _ 1 cr; _1 ) = nMaM _ 1 u _ 1 ri 6 M _ 1 c ?; _1 ?; _1 

= aaaa _ 1 6 c _ 1 tt _ 1 ucu _ 1 u _1 = (uaM _ 1 6 r; _1 ) * (ucv -1 ) = (a*b) * j3(c), 

so (E, fi, à, /3) is indeed a BiHom-associative algebra. To prove that v is the unit, we compute 

à(v) = uvu 1 = v, P(v) = vvv -1 = v, 

a* v = uau-^vv -1 = uau -1 = à(a), v * a = uvu -1 av -1 = vav -1 = /3(a), 

finishing the proof. ■ 

Proposition 4.4. Let (A, p,A, cla, /3a) be a BiHom-associative algebra, M a linear space and 
olm i /3 m • M —> M two commuting linear isomorphisms. Consider the associative unital algebra 
E = End(M) with its usual structure, denote u := olm, v := /3m, and construct the BiHom- 
associative algebra (E,fi,à, j3) = End(M)(oLM, /3m) m Lemma 4.3. Then setting a structure 
of a left A-module on (M,clm, /3m) is equivalent to giving a morphism of BiHom-associative 
algebras ip: (A, pa, ola, (3a) (E, fi, à, (3). If A is moreover unital with unit 1 a, then the module 

(M,ccm, (3m) is unital if and only if the morphism ip is unital. 

Proof . The correspondence is given as follows: the module structure A® M M is defined 
by setting a <S) m i —> a ■ m if and only if a ■ m = <p(a)(m), for all a E A, m E M. It is easy to see 
that conditions (4.2) and (4.3) are equivalent to à o <p = <p o ola and respectively (3 o p = <p o (3 a- 

We prove that, assuming (4.2) and (4.3), we have that (4.4) is equivalent to popA = (<p®<p). 

Note first that (4.2) may be written as ccM°<p(a) = <p(cxA(a)) o clm , for all a E A, or equivalently 
olm ° <p(a) ° a u = <p(ola(o)), for all a E A. Thus, for all a,b E A, we have 

f,o(<p®<p)(a®b) = <p(a) * <p(b) = ol m ° <p(a) o af} o <p(b) o j3f^ = <p(a A (a)) o <p(b) o /3^. 

Hence, we have 

p o ha = fi o (<p <g) <p) <j=^> <p(ab) = <p(a) * <p(b), V a,b E A, 
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•<=>• tp(ab)(n) = (tp(a) * tp(b))(n), Va, b £ A, n £ M, 

<*=>■ (a6) • n = (^(^(a)) 0 ¥>(&) 0 fi' M )(ri), V a,b £ A, n G M, 

-£=> (a6) • fi M (fri) = (<^(«A(a)) o p(b))(m), Va,b E A,m E M, 

-<=> (a6) • PM(fri) = «yl(a) ■ (b ■ m), \/ a,b £ A,m £ M, 

which is exactly (4.4). 

Assume that A is unital with unit 1 ^ 4 . The fact that p is unital is equivalent to <^( 1 . 4 ) = Pm , 

which is equivalent to 1 a ■ m = Pm (jn), for all m £ M, which is equivalent to saying that the 

module M is unital. ■ 


We recall the following concept from [27] (see also [7] on this subject). 

Definition 4.5 ([27]). Let (L, [—], ck) be a Hom-Lie algebra. A representation of L is a triple 
(M,p,A), where M is a linear space, A: M —> M and p: L —>• End(M) are linear rnaps such 
that, for all x,y € L, the following conditions are satisfied: 

p(a(x)) oi = 4o p(x), p([x, y])oA = p(a(x)) o p(y) - p(a(y)) o p(x). 

Remark 4.6. Let (L, [—],«) be a Hom-Lie algebra, M a linear space, A: M —>• M and p: L —> 
End(M) linear maps such that A is bijective. We can consider the Hom-associative algebra 
End (M)(A,A) as in Lemma 4.3, and then the Hom-Lie algebra L(End(M)(A, A)). Then one 
can check that (M, p, A) is a representation of L if and only if p is a morphism of Hom-Lie 
algebras from L to L(End(M)(A, A)). 

Inspired by this remark, we can introduce now the following concept: 

Definition 4.7. Let (L, [— \,a,/5) be a BiHom-Lie algebra. A representation of L is a 4-tuple 
(M, p,aM, Pm), where M is a linear space, M —>• M are two commuting linear maps 

and p: L —> End(M) is a linear map such that, for all x,y £ L, we have 

p(a(x)) o a M = a M o p(x), (4.5) 

p(/3(x)) o /3 m = Pm o p(x), (4.6) 

p([/3( x ), y\) 0 Pm = p(a(3(x)) o p(y) - p((3(y)) o p(a(x)). (4.7) 

A first indication that this is indeed the appropriate concept of representation for BiHom-Lie 

algebras is provided by the following result (extending the corresponding one for Hom-associative 
algebras in [ 6 ]), whose proof is straightforward and left to the reader. 

Proposition 4.8. Let (A, pA,a^, Pa) be a BiHom-associative algebra with bijective structure 
maps and (M,a M , Pm) 0 , left A-module, with action A® M —> M, a®m (-)• a-m. Then we have 
a representation (M, p,a M , Pm) of the BiHom-Lie algebra L(A), where p: L(A) —> End(M) is 
the linear map defined by p(a)(m) = a ■ m, for all a £ A, m £ M. 

A second indication is provided by the fact that, under certain circumstances, we can con- 
struct the semidirect product (the Hom-case is done in [27]). 

Proposition 4.9. Let (L, [—],«, /3) be a BiHom-Lie algebra and (M, p, a M , f3 M ) « representation 
of L, with notation p(x)(a) = x ■ a, for all x £ L, a £ M. Assume that the maps a and (3 M 
are bijective. Then L >< M := (L © M, [—],«© a M , (3 © f3 M ) is a BiHom-Lie algebra (called the 
semidirect. product), where a © a M , © Pm : L © M —> L © M are defined by (a © a M )(x, a) = 
(a(x),a M (a)) and (/3 © (3 M )(x,a) = ((3(x), (3 M (a)), and, for all x,y £ L and a,b £ M, the 
bracket [—] is defined by 


[(x,a), (y,b)\ = ([x,y\,x- b-a l f3(y) ■ a M P M (ri)). 
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Proof. Follows by a direct computation that is left to the reader. ■ 

Proposition 4.10. Let (L , [—],«, (3) be a BiHom-Lie algebra such that the map (3 is surjective, 
M a linear space, olmiPm- M —> M two commuting linear isomorphisms and p: L —> End(M) 
a linear map. Then (M, p,aM, Pm) is o, representation of L if and only if p is a morphism of 
BiHom-Lie algebras from L to L(End(M)(aM, Pm))- 

Proof. Obviously, (4.5) and (4.6) are respectively equivalent to àop = poa and f3op = po/3, so 
we only need to prove that, assuming (4.5) and (4.6), (4.7) is equivalent to p([x, y ]) = [p(x), p(y)\ 
for all x,y E L. First we write down explicitly the bracket of L(End(M)(aM, /3m))- In view of 
Proposition 3.15, this bracket looks as follows, for f,g E End(M): 

[f,g\ = f * 9 - (« -1 /%)) * (à/3 _1 (/)) 


f*9 

- 

Xo 

s: 

o 

1 9o 

Pm 1 )) 

* (à {P M of°P M )) 



f*9 

— 

{ a M ° @M 

ogc 

3 P M c 

1 a M ) * («m o (3fd o / c 

’ Pm ° a M ) 

a M o 

/ 

o alj ogo 

P M 





— a M 

■ o 

a M ° @M c 

> 9 ° 

P M ° 

a M o a~M ° a M ° /3 (m ° 


(3 m o a M o (3 m 

a M o 

/ 

oa M°9° 

P M 

— (3 M 

0 9 0 Pm 0 a M o P M ° 

f o 

(3 M o ol m o (3 m . 


Let x,y E L\ we take / = p(f3(x)), g = p(y). We obtain 

W(x)),p(y)\ o /3 m = a M o p(fi(x)) o af} o p(y) 

~ /3m o p(y) O /3ffl O a M o (3^ o p(f3(x)) o /3 M o af} 

(i.oy 1.6) 0 yy _ p(/3(y)) o a M o p(x) o a] 

( = } p(a/3(x)) o p(y) - p((3(y)) o p(a(x)), 

which is the right-hand side of (4.7). So, we have that (4.7) holds if and only if p([(3(x),y\) = 
[p(f3(x)), p(y)\ for all x, y E L, which is equivalent to p([a,b\) = [p(a),p(b)\, for all a,b E L, 
because f3 is surjective. ■ 

Proposition 4.11. Let (L, [—], a, (3) be a BiHom-Lie algebra and define the linear map ad: L —> 
End(L), ad (x)(y) = [x,y\, for all x,y E L. If the maps a and (3 are bijective, then (L,&d, a,(3) 
is a representation of L. 

Proof. The conditions (4.5) and (4.6) are equivalent to a([a, b\) = [a(a),a(6)] and f3([a,b\) = 
[(3(a), (3(b)\ for all a, b E L, so we only need to prove (4.7). Note first that the skew-symmetry 
condition implies 

ad (x)(y) = - [a^Pfy),^^- 1 ^)], \fx,y E L. 

We compute the left-hand side of (4.7) applied to z E L: 

(&d([/3(x),y\) o(3)(z) = &d([f3(x),y\)((3(z)) = - [a~ l f3 2 (z), a/3 _1 ([/3(x), y\)\ 

= -[/3 2 (a _1 (2:)), [a(x),a/3 _1 (y)]] 

= -[/3 2 (a _1 (2)), [/3(a/3 _1 (x)),a(/3 _1 (y))]]. 

We compute the right-hand side of (4.7) applied to z E L: 


(ad(a/3(.r)) o ad (y))(z) — (&d((3(y)) o ad(a(x))(z) 

= &d(a(3(x)) (— [a.- 1 (3(z), a/3- 1 (y )\) - &d(/3(y))(-[a- 1 /3(z),a 2 /3- 1 (x)\) 
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- [a _1 /3([a _1 ^(2),a 2 ^ _1 (®)]),a/3 _1 ^(y)] 

= [/3([a _2 /3(-),/3 _1 (y)]),a 2 (a;)] - [/5([a _2 /3(2;),a/3 _1 (x)]),a(y)] 

skew-s^mmetry [/5a(x), [oT l j3<yz), a/3 _1 (y))] + [/3(y ), [a -1 /^), a 2 /? -1 (x)]] 

= \/3u{x),[y,z}\+ \/3(y), [/3a _1 (z),a 2 /3 -1 (x)]] 

= [/3 2 (a/3 -1 (a;)), [/3(/3 -1 (y)), a(a _1 (z))]] + [^ 2 (/3 _1 (y)), [/3(a -1 (^)),a(a/3 -1 (a;))]], 

and (4.7) holds because of the BiHom-Jacobi identity applied to the elements a = a/3 -1 (a;), 
a! = (3~ l {y) and a" = a -1 (z). ■ 

5 BiHom-coassociative coalgebras and BiHom-bialgebras 

We introduce now the dual concept to the one of BiHom-associative algebra. 

Definition 5.1. A BiHom-coassociative coalgebra is a 4-tuple ( C, A, ip, u>), in which C is a linear 
space, iI>,uj: C —>• C and A: C —> C <8> C are linear maps, such that 

ip o uj = uj o ijj, (i/j ® i/j) o A = A o i/j, (w ® w) o A = A o w, 

(A <8> i/j) o A = (uj <8> A) o A. 

We call i/j and uj (in this order) the structure maps of C. 

A morphism g: (C, Ac, ipc, ^c) (D, Ad, 4>d, wd) of BiHom-coassociative coalgebras is 

a linear map g: C —> D such that i/>d ° 9 = 9 ° ipc, +D ° 9 = 9 ° ^C and (g <8> g) o Ac = Ajj o g. 

A BiHom-coassociative coalgebra (C, A, ip, uj) is called counital if there exists a linear map 
e: C —> k (called a counit) such that 

e o ip = e, e o uj = e, (idc <8>e) o A = uo and (e <8) idc) o A = ip. 

A morphism of counital BiHom-coassociative coalgebras g: C —> D is called counital if ° 
g = £c, where £c and £d are the counits of C and D, respectively. 

Remark 5.2. If (C, Ac, ipc, ^c) and (D, Ad, ipD, wd) are two BiHom-coassociative coalgebras, 
then (C <8) D, Ac®d, ipc G> ipD,^c ujd) is also a BiHom-coassociative coalgebra (called the 
tensor product of C and D), where Ac®d ■ C®D^>C®D®C®D\s defined by A(c <8> d) = 
c\®di®C 2 ®d- 2 , for all c E C, d E D. If C and D are counital with counits £c and respectively £d, 
then C <8> D is also counital with counit £c <8 > +d • 

Definition 5.3. Let (C, Ac, ipc, <*>c) be a BiHom-coassociative coalgebra. A right C-comodule 
is a triple ( M,iPm,ujm ), where M is a linear space, ip M ,u> M : M -+ M are linear rnaps and we 
have a linear map (called a coaction) p: M —> M <8> C, with notation p(m) = m^o) G> m^, for 
all m . E M, such that the following conditions are satisfied 

1pM°UM =VM°lpM, (lpM®lpc)° p = P°1pM, (uJ M ®UJ C )o p = pouJ M , 

(uj m <8> A c ) o p = (p <8 V’C') ° P- 

If (M,ip M ,uj M ) and ( N,iPn,ujn) are right C-comodules with coactions p M and respective- 
ly Pn , a morphism of right C'-comodules / : M —> /V is a linear map satisfying the conditions 
ipN ° f = f ° tpM, uj n o / = / o uj M and p N o / = (/ < 8 > id c ) o p M . 

If ( C , A c , ipc, ^C, £c) is a counital BiHom-coassociative coalgebra and (M, ip M , uj m ) is a right 
C-comodule with coaction p, then M is called counital if (idjv/ <8>e C ) ° P = <*>m- 
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Remark 5.4. If (C, A, ip, u>) is a BiHom-coassociative coalgebra, then ( C,i/j,uj ) is a right C- 
comodule, with coaction p = A. 

We discuss now the duality between BiHom-associative and BiHom-coassociative structures. 

Theorem 5.5. Let (C, A, ijj, uj) be a BiHom-coassociative coalgebra. Then its dual linear space 
is provided with a structure of BiHom-associative algebra (C*, A*, uj* , ip*), where A*, r, u* 
are the transpose maps. Moreover, the BiHom-associative algebra C* is unital whenever the 
BiHom-coassociative coalgebra C is counital. 

Proof. The product p = A* is defined frorn C* <g> C* to C* by 

(fg){x) = A *(f,g)(x) = (A (x),f ®g) = (f <g> g)(A(x)) = f(xi)g(x 2 ), Vx 6 C, 

where (•, •) is the natural pairing between the linear space C <8> C* and its dual linear space. For 
/, g, h G C* and x G C, we have 

ifgW(h)(x) = ((A®i))oA (x),f®g®h), 
u*(f)(gh)(x) = ((w®A)oA (x),f®g®h). 

Therefore, the BiHom-associativity condition p o (p <g> — u* <8> p) = 0 follows from the BiHom- 

coassociativity condition (A <g> — uj <8> A) o A = 0. 

Moreover, if C has a counit e then for /fC* and x G C we have 

(ef) (x) = s(xi_ )f(x 2 ) = f(s(x !)x 2 ) = f(if(x)) = if*(f)(x), 

(fs)(x) = f(xi)s(x 2 ) = f(x is(x 2 )) = f(uj(x)) = u*(f)(x), 

which shows that £ is the unit of C*. ■ 

The dual of a BiHom-associative algebra (A, p, a, /3) is not always a BiHom-coassociative 
coalgebra, because (A <8> A)* D A* <8> A*. Nevertheless, it is the case if the BiHom-associative 
algebra is finite-dimensional, since (A <8> A)* = A* <g> A* in this case. 

More generally, we can define the finite dual of A by 

A° = {/ e A* / f(I) = 0 for sorne cofinite ideal I of A}, 

where a cofinite ideal I is an ideal I C A such that A/I is finite-dimensional and where we say 
that I is an ideal of A if for x G I and i/Glwe have xy G I, yx G I and a(x) G I, f3(x) G I. 

A° is a subspace of A* since it is closed under multiplication by scalars and the sum of two 
elements of A° is again in A° because the intersection of two cofinite ideals is again a cofinite 
ideal. If A is finite-dimensional, of course A° = A*. As in the classical case, one can show 
that if A and B are two BiHom-associative algebras and /: A —> B is a morphism of BiHom- 
associative algebras, then the dual map f*: B* A* satisfies f*(B°) C A°. 

Therefore, a similar proof to the one of the previous theorem leads to: 

Theorem 5.6. Let (A, g,a, (3) be a BiHom-associative algebra. Then its finite dual is pro- 
vided with a structure of BiHom-coassociative coalgebra (A°, A, /3°, a°), where A = p° = p*\ a° 
and /3°, a° are the transpose maps on A°. Moreover, the BiHom-coassociative coalgebra is 
counital whenever A is unital, with counit e: A° —>• k defined by s(f) = /(1a)- 


We can now define the notion of BiHom-bialgebra. 
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Definition 5.7. A BiHom-bialgebra is a 7-tuple (H, p, A, a, (3, ip, u>), with the property that 
(. H, n, a, /3) is a BiHom-associative algebra, (H, A, ip, uj) is a BiHom-coassociative coalgebra and 
moreover the following relations are satisfied, for all h,h' E H: 

A (hh') = h\hi <8> h^h^, (5.1) 

a o 'ijj = tp o a, a o uj = u o a, {3 o i/j = o (3 , (3 o oj = u o (3, 

(a®a)oA = Aoa, ((3 G /3) o A = A o (3, 
i/j(hh') = ip(h)il)(h'), oj(hh') = u(h)uj(h'). 

We say that H is a unital and counital BiHom-bialgebra if, in addition, it admits a unit 1h 
and a counit £h such that 

A(ltf) = 1/f <8> li/, £h(3h) = 1, i>0-Ħ) = l-H, w(lff) = 1r, 

£H°a = £H, £h°I3 = £h, £H(hh') = £H(h)£n(h'), Vh,h'eH. 

Let us record the formula expressing the BiHom-coassociativity of A: 

A(hi) <8> ip(h 2 ) = oj(h\) <S> A(/i 2 ), \/heH. (5.2) 

Remark 5.8. Obviously, a BiHom-bialgebra (H, /j,, A, a, /3, ip, uj) with a = (3 = ip = uj reduces 
to a Hom-bialgebra, as used for instance in [22, 23], while a BiHom-bialgebra for which ip = oj = 
a~ l = j3~ l reduces to a monoidal Hom-bialgebra, in the terminology of [8]. 

We see now that analogues of Yau’s twisting principle hold for the BiHom-structures we 
defined (proofs are straightforward and left to the reader): 

Proposition 5.9. 

(i) Let (A,n) be an associative algebra and, a,(3: A —> A two commuting algebra endomor- 
phisms. Define a new multiplication H( a ,p)'■ A <8> A —> A, by H( a ,p) '■= h ° ( a <8> /3). Then 
(A, H( a m,a, (3) is a BiHom-associative algebra, denoted by A/ a m. If A is unital with 
unit 1 a, then A( a ^ is also unital with unit 1 a■ 

(ii) Let (C, A) be a coassociative coalgebra and ip,uj: C —>• C two commuting coalgebra endo- 
morphisms. Define a new comultiplication A(^ : C —>• C <8> C, by A^^ '■= (w <8> ip) ° A. 

Then (C, A^^,ip,uj) is a BiHom-coassociative coalgebra, denoted by Cm^). IfC is couni- 
tal with counit £c, then Cm^) is also counital with counit £c- 

(iii) Let (H, //, A) be a bialgebra and a, /3,ip,uj: H —> H bialgebra endomorphisms such that any 
two of them commute. If we define fJ( a ,/3) an d A m u ) as in (i) and (ii), then H( a p^^\ := 
(H, H( a m, Aff'U) ,a,/3,ip,uj) is a BiHom-bialgebra. 

More generally, a BiHom-bialgebra (H, /jl, A, a, f3,ip,uj) and multiplicative and comultiplica- 
tive linear rnaps a', /3', ip', ui' such that any two of the rnaps a, (3, ip, c j, a', /3', ip', uj' commute, 
give rise to a new BiHom-bialgebra (H, p o (a' <8> /3'), (uj' <8> ip') o A, a o a', /3 o /3', ip o ip', uj o uj'). 
Hence, if the maps a, (3, ip, uj are invertible, one can untwist the BiHom-bialgebra and get 
a bialgebra by taking a' = a~ l , /3' = /3~ l , ip' = ip~ l , uj' = ui~ l . 

Proposition 5.10. Let (A, ha) he an associative algebra and cxa , [3a '■ A —> A two commuting 
algebra endomorphisms. Assume that M is a left A-module, with action A<S)M —» M, a®rm-A 
a-m. Let ajj, /3m '■ M —> M be two commuting linear maps such that aM( a -> n ) = aA( a )-o<M( na ) 
and fiM( a 'fn) = /3/i(a) ■fiM^m), foralla E A, m E M. Then (M,um, (3m) becomes a left module 
over A( aAj p A \, with action A/ aA ^ A \ <g> M —>■ M, a <8 m a> m := aA( a ) ■ /?m(^)- 
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Proposition 5.11. Let (C, Ac) be a coassociative coalgebra and i/jc,°°C'- C —>• C two commuting 
coalgebra endomorphisms. Assume that M is a right C-comodule, with coaction p: M — M <8 )C, 
p(m ) = m^o) ® m (i)> f or 171 £ AI. Let ■ M —> M be two commuting linear maps such 

that (ipM <8> ifc) ° P = P ° 'f’M and (ojm <8> wc) ° P = P ° ojm- Then (M , ipMi wm) becomes a right 
comodule over the BiHom-coassociative coalgebra Cuj, C UJc p with coaction 

M M ( 8) Cty CjUo ), m c m(o) <8> 777(i) := wm(^(o)) < 8> V’c(™(i))- 

We describe in what follows primitive elements of a BiHom-bialgebra. 

Let (H, p,, A,a, /3,if},oj) be a unital and counital BiHom-bialgebra with a unit 1 = r/(l) and 
a counit e. We assume that a and /3 are bijective. 

An element x E H is called primitive if A(x) = 1 <8> x + x <8> 1. 

Lemma 5.12. Let x be a primitive element in H. Then e(x)\ = u(x) — x = ip(x) — x, and 
therefore u(x) = if(x). Moreover, a p /3 q (x) is also a primitive element for any p,q € Z. 

Proof. By the counit property, we have co(x) = (idn <8>e)(l <8> x + x <8> 1) = s(x)l + e(l)x = 
e(x) 1 + x, and similarly if(x) = e(.r)l + x. 

Since a and (3 are comultiplicative maps and a p /3 q (l) = 1, it follows that a p (3 g (x) is a primitive 
element whenever x is a primitive element. ■ 

Proposition 5.13. Let (H, p, A, a, /3, if, uj) be a unital and counital BiHom-bialgebra, with unit 
1 = r/(l) and counit e. Assume that a and [3 are bijective. If x and y are two primitive elements 
in H, then the commutator [x,y\ = xy — a~ l /3(y)a/3~ l (x) is also a primitive element. 

Consequently, the set of all primitive elements of H, denoted by Prim(Lf), has a structure of 
BiHom-Lie algebra. 

Proof. We compute 

A (xy) = A(x)A (y) = (1<8>cc + x<8>1)(18)?/ + 2/<8>1) 

= 1 <8> xy + /3(y) <8> a(x) + a(x) <8> (3(y) + xy <8> 1, 

A(a _1 /3(y)a/3 _1 (x)) = A(a~ l p(y)) A(a/3~ l (x)) 

= (l <8> a~ l /3(y) + a~ l f3(y) <8> l) (l <8> a/? _1 (x) + a/3 -1 (x) <8> l) 

= 1 <8> a _1 /3(y)a(3~ l (x) + /3(a/3 _1 (.r)) <8> a(a -1 /3(y)) 

+ a(a -1 /3(y)) <8> /3(a/3 -1 (x)) + a -1 /3(?/)a/3 -1 (a;) <8> 1 
= 1 <8> a _1 /3(y)a/3 _1 (x) + a(x) <8> /3(y) 

+ /3(y) <8> a(x) + a _1 /3(7/)a/3 _1 (x) <8> 1. 

Therefore, we have 

A([x,y]) = A(xy) - A (a -1 /3(//)a/3 -1 (x)) = 1 <8> [x, y\ + [x,y\ <8> 1, 

which means that Prim(H) is closed under the bracket multiplication Hence, Prim(lL) is 
a BiHom-Lie algebra by Proposition 3.15. ■ 


Now, we introduce the notion of //-inodule BiHom-algebra, where H is a BiHom-bialgebra. 


Definition 5.14. Let (H, pjj, Ah, an, /3h, ipH, °°h) be a BiHom-bialgebra for which the maps 
&H, /3h, fpH, ^h are bijective. A BiHom-associative algebra (A, pa,oa, /3a) is called a left H- 
module BiHom-algebra if (A,a^, (3a) is a left iL-module, with action denoted by H <8> A —> A, 
h <8> a i— >■ h ■ a, such that the following condition is satisfied 


h ■ (aa) = [a H 1 (u H 1 (hi)) ■ a\ \P H (if H (h 2 )) ■ a'\, 


V h G HCL-, d G A. 


(5.3) 
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Remark 5.15. This concept contains as particular cases the concepts of module algebras over 
a Hom-bialgebra, respectively monoidal Hom-bialgebra, introduced in [31], respectively [11]. 

The choice of (5.3) is motivated by the following result, whose proof is also left to the reader: 

Proposition 5.16. Let (H, fijj, A H ) be a bialgebra and (A, ha) « left H-module algebra in the 
usual sense, with action denoted by H < 8 > A —>• A, h® a h ■ a. Let an, Ph, ipH, o> H '■ H —>• H be 
bialgebra endomorphisms of H such that any two of them commute; let a A , (3 A '■ A —> A be two 
commuting algebra endomorphisms such that, for all h e H and a £ A, we have 

ola( h ■ a) = an(h) ■ cxa(o) and 0A(h ■ a) = (3n(h) ■ (3 A (o). 

If we consider the BiHom-bialgebra H( aĦj p Ħ and the BiHom-associative algebra A^ aA ^ A ^ 

as defined before, then -4(a A)j g A ) is « hft Hr aH p H ^ H UJH ymodule BiHom-algebra in the above 
sense, with action 

H {cc H ,p H ,i, H ,w H ) ® A (a A ,M -> A (a A ,/3 A ), h ® a h > o := a H (h) ■ /3 A (a). 

6 Monoidal BiHom-Hopf algebras and BiHom-Hopf algebras 

In this section, we introduce the concept of monoidal BiHom-Hopf algebra and discuss a possible 
generalization of Hom-Hopf algebras to BiHom-Hopf algebras. 

We begin with a lenuna whose proof is obvious. 

Lemma 6.1. Let (A, /i, a, /3) be a BiHom-associative algebra. Define A := {a G A/a(a) = 
f3(a) = o}. Then (A,p) is an associative algebra. If A is unital with unit 1 A , then 1 A is also 
the unit of A (in particular, it follows that the unit of a BiHom-associative algebra, if it exists, 
is unique). 

Proposition 6.2. Let (A, n,a, /3) be a BiHom-associative algebra and (C, A,ip,uj) a BiHom- 
coassociative coalgebra. Set, for f,g£ Hom(G, A), f*g = fio (f®g) o A. Define the linear maps 
4>, 7 : Hom(C, A) —> Hom(C, A) by fi(f) = a o f o ui and y(/) = /3 ofot/j, for all f G Hom(C, A). 
Then (Hom((7, A), ★, (f>, 7 ) is a BiHom-associative algebra. 

Moreover, if A is unital with unit 1 A o,nd C is counital with counit e, then Hom(C, A) 
is a unital BiHom-asssociative algebra with unit r) o e, where we denote by 7 the linear map 
rp.k-^A, 7 ( 1 ) = 1 A . 

In particular, if we denote by Hom(C, A) the linear subspace of Hom(C, A) consisting of the 
linear maps f : C —> A such that a o f o co = f and j3 o f o = /, then (Hpm(C, A), ★, 7 o e) is 
an associative unital algebra. 

Proof. Let f,g,h 6 Hom(C, A). We have 

fi(f) * (g * h) = p o (fi(f) ®(g * h))A = 70 (4>(f) ®(yo(g® h) o A))A 
= 70 ((« G 7 ) o (/ <gi g ® li) o (ui ® A))A. 


Similarly, 

(/ * g) * 7 (h) = 70 ((7 <gi (3) o (f ® g <g) h) o (A <g> fi))A. 

The BiHom-associativity of 7 and the BiHom-coassociativity of A lead to the BiHom-associati- 
vity of the convolution product *. 
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The map r/oe is the unit for the convolution product. Indeed, for / £ Hom^C, A) and 16 C, 
we have 

(/ * (?7 0 £))0*0 = M 0 (/ <8) V o e) o A(x) = //(/(zi) ® r/ o e(a: 2 )) = e(x 2 )/r(/(xi) (g) 77 ( 1 )) 

= e(x 2 )(a o /)(xi) = (a o f)(xie(x 2 )) = a o f o u(x). 

A similar calculation shows that (rj o e) * / = (3 o / o if. 

The last statement follows from Lemma 6.1. I 

Definition 6.3. Let (H, p, A, a, f3,ip,Lu) be a unital and counital BiHom-bialgebra. We say 
that H is a monoidal BiHom-bialgebra if a, (3, tjj, u> are bijective and u = a _1 and fj = /3 -1 . 
We will refer to a monoidal BiHom-bialgebra as the 5-tuple (H, p, A, a, /3). 

If (H, fi, A, a, /3) is a monoidal BiHom-bialgebra, we can consider the associative unital alge- 
bra Hom ff/. H), and since u = a -1 and = f3~ l , it follows that id H £ Hom fif, H). 

Definition 6.4. Let (H, /r, A, a, (3) be a monoidal BiHom-bialgebra with a unit 1 H and a co- 
unit e H . A linear map 5: H —> H is called an antipode ifaoS = Soa and (3 o S = S o (3 (i.e., 
S £ Hom(if, H)) and S is the convolution inverse of idn in Hom(ii, H), that is 

S(h i)/z 2 = e H (h) 1 H = /ii5(/i 2 ), V/i € H. 

A monoidal BiHom-Hopf algebra is a monoidal BiHom-bialgebra endowed with an antipode. 

Obviously, if the antipode exists, it is unique; we will refer to the monoidal BiHom-Hopf 
algebra as the 8-tuple (H, /t, A, a, /3,1 H ,e H , S). 

Proposition 6.5. Let (H, /t, A, 1 H , e H ) be a Hopf algebra (in the usual sense) with antipo- 
de S. Let a, /3: H —>■ H be two unital and counital commuting bialgebra automorphisms. Then 
(H, /t o (a <8> /3), (a -1 <8> /3 -1 ) o A, a, /3,1 H , e H , S) is a monoidal BiHom-bialgebra. 

Proof. A straightforward computation. Let us only note that a, (3 being bialgebra maps, they 
automatically commute with S. ■ 

We state now the basic properties of the antipode. 

Proposition 6 .6. Let (H, / 1 , A, a, f3,1 H , e H , S) be a monoidal BiHom-Hopf algebra. Then 

(i) S(1 H ) = 1 H and e H o S = e H ; 

(ii) S((3(a)a(b )) = S((3(b))S(a(a)), for all a,b £ H; 

(iii) a(S(h) 1 ) ® (3(S(h ) 2 ) = (3(S(h 2 )) <8 a(S(h i)) ; for all h£H. 

Proof. (i) By A(1 H ) = 1 H ®1 H we obtain S( 1 H )1 H = e H (l H )l H , so a(5(l/i)) = 1 H , and since 
aoS = Soa and a(l H ) = 1 H we obtain S(1 H ) = 1 H . Then, if h £ H, we apply e H to the equality 
h\S(h 2 ) = e H (h)l H , and we obtain £ H (hi)e H (S(h 2 )) = e H (h), so £ H (S(e H (hi)h 2 )) = e H (h), 
hence e H (S((3~ l (h))) = e H (h), and since S o (3 = (3 o S and e H o (3 = e H we obtain e H o S = e H . 
(ii) We define the linear maps R,L,m: H ® H H by the formulae (for all a,b £ H): 

R(a <g) b) = S((3(b))S(a(a)), L(a <g> b) = S(f3(a)a(b)), m(a ®b) = (3(a)a(b). 

One can easily check that R,L,m £ Hom (jf (g) H, H) (where H <g) H is the tensor product 
BiHom-coassociative coalgebra). Thus, to prove that R = L, it is enough to prove that L 
(respectively R) is a left (respectively right) convolution inverse of m in Hom ( // <g) H, H). We 
compute 


(L-km)(a <S>b) = L(a\ <g) 61 )m(a 2 <g> b 2 ) = S((3(ai)a(bi))((3(a 2 )a(b 2 )) 
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= S(P(a)ia(b)i)(/3(a) 2 a(b)2) = S((/3(a)a(b))i)(/3(a)a(b)) 2 
= £H((3(a,)a(b))lH = £H(à)£H(b)lH, 

(m * R)(a®b) = m(ai <g> bi)R(a 2 <g> b 2 ) = (/3(ai)a(bi))(S(/3(b 2 ))S(a(a 2 ))) 

= a(a _ 1 / 3 (ai)fei)(^('S'( 62 ))a(*S'(a 2 ))) = ((a _1 /3(ai)bi) /3(S(b 2 )))a/3(S(a 2 )) 
= ((3(ai)(biS(b 2 )))a/3(S(a 2 )) = (/3(ai)E H (b)lH)a£/3(S(a 2 )) 

= £ H (b)a/3(ai)a/3(S(a 2 )) = £ H (b)a(3(aiS(a 2 )) 

= £ H (b)af3(£ H (a)l H ) = £H(a)e H (b)l H , 

finishing the proof. 

(iii) similar to the proof of (ii), by defining the linear maps C,7Z,5: H —>• H 0 H , 

C(h) = a(S(h)i) g> P(S(h) 2 ), 7Z(h) = (3(S(h 2 )) <g> a(S(hi)), S(h) = a(hi) <g> P(h 2 ), 

for all h € H, and proving that L (respectively 1Z) is a left (respectively right) convolution 
inverse of 5 in Hom f //. H (g H). ■ 

Remark 6.7. We had to restrict the definition of the antipode to the class of monoidal BiHorn- 
bialgebras because, if H is a Hopf algebra with antipode S and we make an arbitrary Yau twist 
of H, then in general S will not satisfy the defining property of an antipode for the Yau twist, 
as the next example shows. 

Example 6.8. Let k be a field and let H = k [Y], regarded as a Hopf algebra in the usual way. 
Let a: H —> H be the algebra map defined by setting a(X) = X 2 and let /3 = uj = ip = Id//. 
Then we can consider the BiHom-bialgebra : = (H, ^-(ip,Lj), a , P, V’, w ), where 

fj,: H <g> H —> H is the usual multiplication and A: H —> H <8> H is the usual comultiplication. 
Moreover has unit 1 H = r] H (l^) and counit £ H that coincide with the ones of H. 

Assurne that there exists a linear map S: H —>• H such that S * Id = 1^*5 = r] H o e H , i.e., 

h(a,/3) ° (S ® Id) O A (v , )£j) = H( at/3) O (IdgiS') O =r] H o£ H . (6.1) 

Then we compute 

{»(*,{}) ° (M ®5) o A {M )(X) = a(X)S( 1) + a(l)S(X) = X 2 S( 1) + S(X), 

(h(a,p) ° (S ® Id) o A {M )(X) = a(S(X))l + a(S(l))X, 

and 


( f]H ° £h)(X) = 01 H , 
so that from (6.1) we get 


S(X) = -X 2 S( 1) 

(6.2) 

a(S(X)) = —a(S(l))X, 

(6.3) 


and hence 

-a(S(l))X ( = 0 a(S(X)) ( = } a(-Y 2 S(l)) d =° -a(Y 2 )a(S(l)) d =“ -Y 4 a(S(l)), 

so that we get a(S(l))Y = Y 4 a(S(l)), which implies that a(S(l)) = 0. 

On the other hand, we have 

1 = (vh° e H )( 1) (6 = } {h(a,/3) ° (S <g> Id) o A ( ^))(l) = a(S(l))l = 0, 
and this is a contradiction. 
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In view of all the above, we propose the following definition for what rnight be a BiHom-Hopf 
algebra, that is moreover invariant under Yau twisting: 

Definition 6.9. Let (H, /r, A, a, f3, ip, uj) be a unital and counital BiHom-bialgebra with 
a unit 1 h and a counit eh • A linear map S: H —>• H is called an antipode if it commutes 
with all the maps a, (3, ip, ou and it satisfies the following relation: 

/3ip(S(hi))au](h2) = ehWIh = /3ip(hi)auj(S(h2)), Vh E H. 

A BiHom-Hopf algebra is a unital and counital BiHom-bialgebra with an antipode. 

We hope to make a more detailed analysis of these structures in a forthcoming paper. 


7 BiHom-pseudotwistors and BiHom-twisted tensor products 

Inspired by Proposition 3.8, by the concept of pseudotwistor for associative algebras introduced 
in [21] and its generalization for Hom-associative algebras introduced in [23], we arrive at the 
following concept and result: 

Theorem 7.1. Let (D, p,, à, /3) be a BiHom-associative algebra and a,(3: D —>• D two multiplica- 
tive linear maps such that any two of the maps à, /3, a, /3 commute. Let T: D < 8 > D —> D < 8 > D 
a linear map and assume that there exist two linear maps T\, T 2 : D®D®D^-D®D®D such 
that the following relations hold: 


(a<S> a) oT = T 0 (a<S> a), 

(7.1) 

(P®P)oT = To(/ 3 ®P), 

(7.2) 

(à® à) 0 T = T 0 (à® à), 

(7.3) 

((3 ® ( 3 ) 0 T = T 0 ((3 ® ( 3 ), 

(7.4) 

T 0 (à ® fi) = (à ® fi) 0 Ti 0 (T ® id^i), 

(7.5) 

T 0 (fi ® ( 3 ) = (fi ® ( 3 ) 0 T 2 0 (id D ®T), 

(7.6) 

Ti 0 (T ® idu) 0 (a ® T) = T2 0 (id^ ®T) 0 (T ® [ 3 ). 

(7.7) 


Then D T ^ := (D, fi o T, à o a, /3 o (3) is also a BiHom-associative algebra. The map T is called 
an (a, (3)-BiHom-pseudotwistor and the two maps Ti, T^ are called the companions ofT. In 
the particular case a = (3 = kId, we simply call T a BiHom-pseudotwistor and we denote D T ^ 
by D t . 

Proof. The fact that àoa and (3o(3 are multiplicative with respect to /ioT follows immediately 
from (7.1)-(7.4) and the fact that a, (3 , à, (3 are multiplicative with respect to /i. Now we prove 
the BiHom-associativity of fioT: 

(fioT) o ((fi oT)®(/3o (3)) = fi oT o (fi® (3) o (T ® (3) 

1 = * fi o (fi <g> (3) o T^ o (id£> < 8 )T) o (T <g> (3) 

^==^ fi o (fi ® /3) o Ti o (T ® idu) o(a®T)=go(à®g)oTio(T® id^) o (a T) 

( = * n o T o (à (8) fi) o (a (8) T) = (fi o T) o ((à o a) ® (fi o T)), 


finishing the proof. 
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Obviously, if is an associative algebra and à = /3 = a = /3 = id^, an (a,/3)-BiHom- 

pseudotwistor reduces to a pseudotwistor (as defined in [21]) and the BiHom-associative alge- 
bra is actually associative. 

We show now that Proposition 3.8 is a particular case of Theorem 7.1. 

Proposition 7.2. Let (D, /3) be a BiHom-associative algebra and a,j3\ D D two multi- 

plicative linear maps such that any two of the maps &, (3, a, /3 commute. Define the maps 

T: D 0 D -+ D 0 D, T = a® (3, 

T\: D®D<&D=t-D®D(&D 1 T\ = idz? 0 id/j ®(3, 

T 2 : D®D®D=t-D®D(&D, T 2 = a 0 ido 0 id^ . 

Then T is an (a, (3)-BiHom-pseudotwistor with companions T\, T 2 and the BiHom-associative 
algebras Dj t 3 and D^ a ^ coincide. 

Proof. The conditions (7.1)-(7.4) are obviously satisfied. We check (7.5), for a, b, c E D: 

((à 0 pt,) o T\ o (T 0 Md)) (o 0 b 0 c) = ((à 0 fi) ° Ti) (a(a) 0 /3(b) <g> c) 

= (à <8> n)(a(a) <8> /3(b) <8> /3(c)) = (à o a)(a) <8> /3(6c) 

= T(à(a) <8> 6c) = (T o (à <8> //))(a <8> b <8> c). 

The condition (7.6) is similar, so we check (7.7): 

(fi o (T <8> id^) o (a <8> T)) (a <8> b <8> c) = (T) o (T <8> id^)) (a(a) <8> a(6) <8> /3(c)) 

= Ti(a 2 (a) <8> /3a(6) <8> /3(c)) = a 2 (a) <8> /3a(6) <8> ,5 2 (c) = T 2 (a(a) <8> a/3(6) <8> /3 2 (c)) 

= (T 2 o (id^ <8>T))(a(a) <8> /0(6) <8> /0(c)) = (T 2 o (id^ <8>T) o (T <8> /0))(a <8> 6 <8> c). 

It is obvious that Dj)g and D( a ^ coincide. ■ 

Example 7.3. We consider the 2-dimensional BiHom-associative algebra (D,p, à,/3) defined 
with respect to a basis B = [e±, e 2 } by 

H(ei, ei) = n(e i, e 2 ) = ei, p,(e 2 , efi) = n(e 2 , e 2 ) = e 2 , 
à(ei) = ei, à(e 2 ) = e 2 , f3(e\) = e\, f3(e 2 ) = e\. 

We have the following multiplicative linear rnaps a, /3 defined with respect to the basis B by 
a(ei) = ei, a(e 2 ) = aei + (1 — a)e 2 , /3(e\) = e\, (3(e 2 ) = be\ + (1 - b)e 2 , 

where a, b are parameters in k. One can easily see that any two of the maps à, /3, a, /3 commute. 
By the previous proposition, we can construct the BiHom-associative algebra D^ a ^ = (D,p T = 
[i o (a <8> /3), ax = à o a, (3t = /3 ° /3) defined on the basis B by 

+ T (e\,e\) = e\, + T (e\,e 2 ) = e\, p T (e 2 ,e\) = ae\ + (l - a)e 2 , 

fj, T (e 2 ,e 2 ) = ae\ + (1 - a)e 2 , a T (e\) = e\, a T (e 2 ) = ae\ + (1 - a)e 2 , 

/3r(e i) = ei, /3 T (e 2 ) = e\. 

Definition 7.4 ([9, 28]). Let (A,ha), (B,hb) be two associative algebras. A twisting map 
between A and B is a linear map R : B <8> A -+ A <8> B satisfying the conditions 

R o (ids ®ha) = (+A <8> ids) o (id^ <8>7?) o(R® kU), (7.8) 

R o (+b G> idu) = (id^ <8 Tb) ° (R <8> id B ) o (ids ®R). 

If this is the case, the map /ir = (ha® /J-b) ° (id^ <8>T<8> ids) is an associative product on d<8>5; 
the associative algebra (A 0 B , /j,b) is denoted by A 0^ B and called the twisted tensor product 
of A and B afforded by R. 
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We introduce now twisted tensor products of BiHom-associative algebras. 

Definition 7.5. Let (A, pL A , a A , (3a) and (B, hb,&b, Pb) be two BiHom-associative algebras 
such that the maps a A , (3 A , ocb, Pb ar e bijective. A linear map R: B <g> A A (gi B is called 
a BiHom-twisting map between A and B if the following conditions are satisfied 


(oa <S> «b) ° R = R° (olb <S> ola), (7.9) 

(Pa® Pb)° R = R°(Pb® Pa), (7.10) 

R o (ckb <8> ha) = (l- l A <8> (3b) ° (id/i <8>i?) o (id^ <8> a B fi B l ® ' l ^ A ) 0 (7? <8> fcU), (7.11) 

R o (fi B <8> Pa) = (aA <8> hb) o(R® ids) o (ids ga~^(3 A <8> id^) o (ids ®R). (7.12) 


If we use the standard Sweedler-type notation R(b<g>a) = aRgbR = a r g>b r , for a E A, b E B, 
then the above conditions may be rewritten (for all a,a' £ A and b,b' E B) as follows 


a-A(aR) <8> a B (b R ) = a A (a) R <8> a B (b) R , (7.13) 

P A (a R ) <8> /3s(b R ) = j3 A (a) R <8> /3 B (b) R , (7.14) 

(aa') R <8> a B (b) R = a R a' r <8> ^([as/?^ 1 (&/?)],,), (7.15) 

/3 A (a) R <8> (bb') R = a A ([a~^ (3 A (a R )\ r ) <8> b r b' R . (7.16) 


Proposition 7.6. Let (A, fi A , a A , /3, 4 ) and (B, /x B , a B , (3 B ) be two BiHom-associative algebras 
with bijective structure maps, R : B <8> A —>• A (8> B a BiHom-twisting map. Define the linear map 

T: (A<8> B) <8> (A <8> B) =>■ (A <8> B) <8> (A<8> B), 

T((a <gb) <8> (a' <8> b')) = (a <8> &r) <8> (a^ <8> b'). 

Then T is a BiHom-pseudotwistor for the tensor product (A<g> B, p. A ®B, a A <g>a B , /3 A <8> /3b) of A 
and B, with companions 

Tj = (id,4 ga R ' [3 B <8> fcU <8> id B <8> id^ <8> id B ) o T 13 

o (id Agasfifi 1 <8>id/4<8>ids<8>idA<8>id B ), 

T 2 = ( id/4 <8> ids <8> fcU <8> id B gaApJ 1 <8> fcU ) o T 13 
o (id/i <8> id B <8> id^ <8> id^ <ga~/^(3 A <8> ids), 

where we use the standard notation for T 13 . The BiHom-associative algebra (Ag)B) T is denoted 
by A g R B and is called the BiHom-twisted tensor product of A and B; its multiplication is 
defined by (a <8> b)(a' <8> b') = aa' R <8> b R b', and the structure maps are a A <8> a B and (3 A <8> (3 B . 

Proof. We begin by proving the following relation, for all a E A, b £ B: 

aj^(3 B ( [a B (3fi l (b)\ R ) ga R = b R g a A fi~^ ( [a^(3 A (a)\ R ) . (7.17) 

This relation is equivalent to 

fiBdasfifi 1 ^)] fl ) <8> (3 A (a R ) = a B (b R ) g a A ( [a^ 1 /3 A (a)\ R ), 
which, by using (7.13) and (7.14), is equivalent to 
a B (b) R g (3 A (a) R = a B (b) R g /3 A (a) R , 


which is obviously true. 
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We need to prove the relations (7.1)-(7.7) (with à = a A < 8 > «b, (3 = (3 A <S> (3b , a = /3 = 
kUGidp). We will prove only (7.7), while (7.1)-(7.6) are very easy and left to the reader. We 
compute (r and 1Z are two more copies of R) 

Ti o (T < 8 > id) o (id <8 >T)(a < 8 > b < 8 > a < 8 > b' < 8 ) a" <S> b") = T\(a®b r <S a! r < 8 > b' R < 8 > a R < 8 > 6 ;/ ) 

= a< 8 > ^^([ae/Ss 1 ^)]^) ®a' r ®b' R ® {a' R ) R ®b", 

T 2 o (id < 8 >T) o (T < 8 > id)(a < 8 > b < 8 > a' < 8 > < 8 > a w < 8 > b") = T 2 (a < 8 > &r G> a(. < 8 > < 8 > a R < 8 > 6 W ) 

= a < 8 > (Mrc < 8 > a). < 8 > < 8 > “^^([“^^(aB)]^) ® 

and the two terrns are equal because of the relation (7.17). ■ 

Remark 7.7. Let (A, [i A , o>a, (3a) and (B, Pb) be two BiHom-associative algebras with 

bijective structure maps. Then obviously the linear map R : R < 8 > A —> A® B, R(b < 8 > a) = a < 8 > b, 
is a BiHom-twisting map and the BiHom-twisted tensor product A < 8 >r B coincides with the 
ordinary tensor product A < 8 > B. 

Proposition 7.8. Let (A,/jla) and (B,/jlb) be two associative algebras, 04 , (3a '■ A —> A two 
commuting algebra isomorphisms ofA andas, (3 r '■ B B two commuting algebra isomorphisms 
of B. Let P:B®A^A®B be a twisting map satisfying the conditions 

(aA <8> as) o P = P o (as <8> a, 4 ), 

((3a < 8 > (3 b ) o P = P o ((3 b < 8 > (3 A ). 

Define the linear map 

U: B <8> A —> A < 8 > B, U(b < 8 > a) = (3f^ ((3 A (a) p) < 8 > af^(a B (b)p). 

Then U is a BiHom-twisting map between the BiHom-associative algebras At aA p A ^ and 

and the BiHom-associative algebras A[ aA p A ^ <S>u R( afl)( g B ) and (A<S>p B)r aA ^ aB ^ A ^p B \ coincide. 

Proof. We only prove (7.15) for U and leave the rest to the reader. We compute (by denoting 
by p another copy of P and by u another copy of U) 

(aa')u < 8 > a B (b)u = [a A (a)(3 A (a')\u < 8 > a B (b)u = (3 A l ( [(3AaA(a)(3 A (a')\ p ) < 8 > ot^(a 2 B (b) P ) 

{ ‘- P A l (PAaA(a)p)PA l (pA( a ')p) ® ^(((XbWpW 
= (3f^(a A ((3 A (a))p)(3(^ ((3\(a') p ) < 8 > a R l ([a B (a B (b))p\p) 

{, = ) (3f^aA((3 A (a)p)(3f^ ((3\(a') p ) < 8 > a R l (a B (aB(b)p) p ), 
aua' u < 8 > = a A (au)(3 A (a' u ) < 8 > ^([aB^HM] J 

= a A PA(fi A (a)p)f3 A (a' u ) < 8 > PbHPb 1 (oi B (b)p)] u ) 

= a A l32 1 ((3 A (a)p)(3 A (a')p®a R 1 p B ([a B /3 R 1 (a B (b)p)] p ) 

= a A (3f^((3 A (a)p)(3 A (a')p < 8 > o)) 1 /3b(/?)) 1 (q;b(q!s(6)p))p) 

= a A (3À 1 (/3 A (a)p)P2 1 (/3\(a')) p ®a R 1 p B (P( B 1 (a B (a B (b)p))p) 

(7 = 9) a A P2 1 (P A (a)p)P A '(PA( a ')p) 8ttB(«B(aB(i)p) P ), 


(7.18) 

(7.19) 


finishing the proof. 
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8 BiHom-smash products 


We construct first a large family of BiHom-twisting maps. 

Theorem 8.1. Let (H, p H , A-h, a H , / 3 h, fi>H, oj h ) be a BiHom-bialgebra, (A, fiA, &A, Pa) a left 
H-module BiHom-algebra, with action denoted by H <8> A —>• A, h® a e -h ■ a, and assume that 
all structure maps olh,/ 3 h,iPh,wh,ola, Pa are bijective. Let m,n,p G Z. Define the linear map 

Rm,n,p ■ H ® A=t A® H, Rm, n ,p(h® a) = a H l3 H uj 1 j I (hi) ■ /3 A l (a) <8> ifi^fihti)- 


Then R m ,n,p a BiHom-twisting map between A and H. 

Proof. The relations (7.9) and (7.10) are very easy to prove and left to the reader. 
Proof of (7.11): 


(pA <8 Ph) ° (idA ®Rm,n,p) ° ( ^A ®a H /3 : H 1 <8 idA ) o ( R m ,n,p <8 id A )(h <8> a <8> a') 

= (ha <8> /3h) ° (id ^4 ®R m ,n,p) (afjP h^^h( hi) ■ /^(a) <8> a H fi^ifi^-(h 2 ) <8> a) 

= (fi A ® ^^(a'fifi'fiuj^hi) ■ fij l (a) ® a 1 fifi r fiuj p H ([a H fifi 1 'i/jfi 1 (h 2 j\ 1 ) • ^(a') 

= (hA <8> p H )(a%fiiu? H (h 1 ) ■ r A \a) <8> a™ +1 fijf 1 uj p H fi~ H \(h 2 ) i) • fij\a') 
®a H fi H lr fi H 2 ((h 2 ) 2 )) 

= [a^^W ■ r A \a)\ ^‘^'^^((^)!) ' r A \a')\ 0 a H fifi 2 ((h 2 ) 2 ) 

(5=2) [«H^jTWfr _1 ((^i)i) • /3ÀH 0 )] [ a fl +1 ^"Vfl<((iii)2) • /^V)] <8> anfijj 1 ^) 
= ^H^H^^H^^Hdhl) 1)) -^àHo)] [P^^^H^^Hiihlh)) ■ pA l ( a ')\ 

<8> a H ^fi\(h2) 

= { a H 1 UH 1 {[ a H + 1 PHU P H(hi)] 1 ) ■^ 1 (a)}{^V^ 1 ([aS +1 ^H w ff( / »i)] 2 ) •/ 3 À 1 ( a/ )} 

< 8 > anififi 1 ^) 

(5J) Q m+1 ffifjdjj^hi) ■ f3fi\(aa) <8> a H ififi\(h 2 ) = (R m ,n,p° (a H <8> H A ))(h <8 a <8 a')- 


Proof of (7.12): 

(cxa <8 p H ) 0 (R m ,n, P <8 id^) o (id^ ®a^/3 A <8> id^ ) o (id/r <8 R m , n ,p)(h <8 /i' <8 a) 

= («a <8 p H ) o (i? m ,n,p <8 id^)(/t <8 af\p A (a 1 H (3 r H iJ H (h! 1 ) • /^(a)) <8> fffi\(h' 2 )) 

= («a <8 p H ) o (i? m ,n, P <8 id^)(/i <8 afif 1 • a^(a) <8 ^(h'fij) 

= («a <8 HH)(a H PHU p H (hi) ■ (a'fif- 1 (3 H uJ H (h'i) • a^/Sj^a)) <8 fifi 1 ^) <8> ^(^ 2 )) 

= a- +1 «(/t 1 ) • (aS^(^) • /3^( a )) 0 V^M) 

|4 => {[aMKM] } • « 0 

= a H fi H u: p H (hitii) ■ a <8 fifi 1 (h 2 ti 2 ) 

( = } a H /3 H u p H ((hh')i) ■ a <8 ififi 1 ((hh') 2 ) = (i? m ,n, P o (/ujj <8 /3a))(/i <8 h' <8 a), 


finishing the proof. 


Definition 8.2. Let (H, p H , A H ,a H , (3 h ,i/j h ,uj h ) be a BiHom-bialgebra and (A, p A ,a A , /3 A ) 
a left ii-module BiHom-algebra, with left ii-module structure H <8> A —>• A, /i <8> a e->■ h ■ a, such 
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that all structure maps a H , / 3 H , #h, ojh, a A , j3 A are bijective. Consider the BiHom-twisting 
map 

R = i?o,—i,— 1 : H®A=rA®H, R(h ® a) = j3# 1 wfl (hi) ■ j3#^(a) <8> #J^(h 2 ). (8.1) 

We denote the BiHom-associative algebra A®rH by A#H (we denote a®h := a#h, for a G A, 
h G H) and call it the BiHom-smash product of A and H. Its structure rnaps are oia <8> olh and 
/3a <8> Ph, and its multiplication is 

(a#h)(a'#ti) = a(j3# l uj# l (h i) • PX 1 (a , ))#ip^ 1 (h 2 )ti. 

Remark 8.3. If H is a Hom-bialgebra, i.e., olh = (3h = ipH = w/f, and A is a Hom-associative 
algebra, the multiplication of A#H becomes 

(a#ti)(a'#ti) = a(a~f^(h{) ■ a^(a!))#a~^(h 2 )ti, 

which is the formula introduced in [23]. If H is a monoidal Hom-bialgebra, i.e., {h = oj h = 
ajj^ = /3# 1 , and A is a Hom-associative algebra, the multiplication of A#H becomes 

(a#h)(a!#ti) = a(hi ■ af^(a'j)#a H (h 2 )ti, 

which is the formula introduced in [11], used also in [20] for defining the Radford biproduct for 
monoidal Hom-bialgebras. 

Proposition 8.4. In the same setting as in Proposition 5.16, and assuming moreover that 
the maps a A and /3a are bijective, if we denote by A#H the usual smash product between A 
and H, then ua < 8 > an and /3a < 8 > /3h are commuting algebra endomorphisms of A#H and the 
BiHom-associative algebras (A#H)^ aA ®otH,hA®/3 H ) and A^ aA ^ A ^#H) aĦt p H ,ui H ) coincide. 

Proof. We will apply Proposition 7.8. In our situation, we have the twisting map P: H®A—t 
.A < 8 > H, P(h <8> a) = h\ ■ a <8> h 2 , for which A#H = A(&p H. Obviously P satisfies the condi- 
tions (7.18) and (7.19), so, by Proposition 7.8, we obtain the map 

U: H®A=fA®H, U(h® a) = j3{^(j3 A (a)p) <8> a~fl(a H (ti)p), 

which is a BiHom-twisting map between A^ aA ^ A ^ and Hr aĦ p Ħ ) and we have 

(A#H)( aA ®a H ,/3 A ®/3 H ) = ^(qa,^a) ® u H(oih,Pħ)' 

Thus, the proof will be finished if we prove that the map U coincides with the map R affording 
the BiHom-smash product A {oiAM #H^ aH ^ H ^ HiU}H y We compute 

U(h <8> a) = j3j l (a H (ti)i ■ {3 A (a)) <8> atfl(a H (h) 2 ) 

= ^(oLH^hi) ■ /3 A (a)) <8> a~fl(a H (h 2 )) = a H ^(hi) -a®h 2 , 

R(h <8> a) = j3fj l uf^(u H (hi)) > j3{ l (a) <8> # H 1 (# H (h 2 )) 

= j3# l (hi) >j3~£(a) <8> h 2 = a H Pf^(hi) ■ a®h 2 , 

finishing the proof. ■ 

Example 8.5. We construct a class of examples of ^(s^ba^^wpmodule BiHom-algebra struc- 

tures on A jj^ generalizing examples of U q (s l 2 ) a -module Hom-algebra structures on AgJ^ given 
in [32, Example 5.7] (here we take the base field k = C). The quantum group U q (sl 2 ) is generated 
as a unital associative algebra by 4 generators {E, F, K, A _1 } with relations 

KK~ l = l = K~ l K, KE = q-EK, KF = q~ 2 FK, EF - FE = K , 

q-Q 1 
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where q G C with q 7/ 0 , q 7/ ± 1 . The comultiplication is defined by 

A(E) = 1®E + E® K, A(F) = K~ l <g> F + F® 1, 

A(K) = K <S> K, A(A' _1 ) = K~ l S A'” 1 . 


We fix Ai, A2, A3, A4 G C sorne nonzero elements. The BiHom-bialgebra J 7 9 (sl 2 )(a,/ 3 ,V’,w) = 
(U q (si 2 ), H( a ,/3)i A(^ jW ), a, /3, i/j, ui) is defined (as in Proposition 5 . 9 (iii)) by l~i( a ,/3) = p o (a <S> /3) 
and A^^) = (coSip)° A, where fi and A are respectively the multiplication and comultiplication 
of [/^(5(2) and a,/3,ip,oj: U q (sl 2) —>• [/5(5(2) are bialgebra morphisms such that 


«(£’) = AiA, 

/3(A) = A 2 £, 
V>(A) = A 3 A, 
w(A) = A 4 E, 


a(E) = A ^F, 
(%F) = X ?F, 

i’(F) = x ż'F, 

u(F) = X^F, 


a(K) = K, 
P(K) = K, 
'i’(K) = K, 
u(K) = K, 


a(K~ l ) = K~ x , 
P{K~ 1 ) = K~ l , 
^(K 1 ) = K~ x , 
u(K~ l ) = K~\ 


Note that any two of the rnaps a, /3, i/j, uj conunute. 

2lf) 

Let A q = k(x,y)/(yx — qxy) be the quantum plane. We fix also some £ G C, £ 7/ 0 . The 
2l0 2l0 

BiHom-quantum plane A a ^ = (A q , Ha,o(a,/ 3 ai a A, Pa) is the BiHom-associative algebra defined 

2l0 

(as in Proposition 5 . 9 (i)) by p A , aA ,p A = Pa 0 ( a A <8> Pa), where /j,a is the multiplication of A q 
2l0 2l0 

and aA, (3a ■ A q — > A q are the (commuting) algebra morphisms such that 


&a(x) = &, a A (y) = £A X l y and (3 A (x) = £x, /3 A (y) = £A 2 l y. 


2l0 

We consider A q as a left [/q(s( 2 )-module algebra as in [32, Example 5.7] (we denote by 
h S a <=>■ h ■ a the [/ 9 (sl 2 )-action on A q ). By the computations performed in [32, Example 5.7] 
we know that a A (h ■ a) = a(h) ■ a A (a) and /3 A (h ■ a) = (3(h) ■ /3 A (a), for all h G f/q(s( 2 ) and 

2l0 

a G A q . Then, according to Proposition 5.16, there exists a U q (s\2){a,p,ijj,u )-module BiHom- 
algebra structure on A 2 J° a ^ defined by 

2l0 2l0 

p: U q (sh)(aM,u) ® Aq'a ,/3 P( h ® a) = h > a = a(h) ■ /3 A (a). 

By using also the computations performed in [32, Example 5.7] one can see that the map p is 
given on generators by 

p(ESx m y n ) = [n] q r +n XiX^ n x m+1 y n -\ 
p(FSx m y n ) = [m] q C +n X^ 1 X^ n X m ~ 1 y n+1 , 
p(K +1 SP) = PiĊHx^^y), 

9 | n 9 | n 'fq — 

for any monomial x m y n G A q , where P = P(x,y) G A q and [n] q = q q I q -i ■ 

Since £ 7 / 0 and A/ 7 / 0 for all i = 1 , 2 ,3,4, all the maps a, /3, i/j, ui, a A , (3 A are bijective. 

2l0 2l0 

According to Theorem 8.1, the map R: U q (sl2)( a ,ptf,u)®^ q , a ,p -> A q ] a ^&l7 q (sl2)( a ,p,il>,u) defined 

2l0 

by (8.1) leads to the smash product A q a p#U q (s\ 2 )(a,p^,u) whose multiplication is defined by 
(a#h)(a'#ti) = a* (/3 _ 1 w _ 1 (h ( i)) > P A 1 (a'))#i)~ 1 (h^)) • ti, 

2l0 

where 0 /i( 2 ) = ^{i/j,uj)(h) and * (respectively •) is the multiplication of (respectively 

Uq (5I2 ) {a,/ 3 ,ip,cj )) • 
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In particular, for any G G U q (slo) and m,n,r,s£ N we have 

(x m y n #K ±l )(x r y s #G) = q ±r ^ s+nr C +n+r+S K n ^ 2 SxTn+r y n+S # K±1 ^ G )^ 

(x m y n #E)(x r y S #G) = q nr^m+n+r+s A -n+i \~ s x m + r y n + s #E fi(G) 

+ [s] q q n{r+1 \ m+n+r+s \\- n \ 2 S x m+r+1 y n+s - l #KP(G), 
(x m y n #F)(x r y s #G) = q a ^ +nr C n+n+r+a \^- 1 Xi a x^y'^ a #FP(G) 

+ M,g n(r-1) e m ' K * +r+i Ar n “ 1 Aj s x m+r - 1 y n+s+1 #/3(G), 

where K +1 /3(G), E/3(G) and Ff3(G) are multiplications in U q (sl 2 ). 

We introduce now the BiHom analogue of comodule Hom-algebras defined in [30]. 

Definition 8.6. Let (H, yn, Ah,oh, 13h,iPh,uh) be a BiHom-bialgebra. A right. H-comodule 
BiHom-algebra is a 7-tuple (D, yD,otD, Pd,’4>d,ojd, Pd), where (D, /id,old, Pd) is a BiHorn- 
associative algebra, (D,i/jd,ujd) is a right H-comodule via the coaction pd'- D -+ D <g> H and 
moreover pd is a morphism of BiHom-associative algebras. 

Example 8.7. If (H, pn, A#, cxh, /3h, tin, ujh) is a BiHom-bialgebra, then we have the right 
iL-comodule BiHom-algebra (H, pu, O-H, Ph, 4>h, <jJh, &h)- 

The next result generalizes Proposition 3.6 in [23]. 

Proposition 8.8. Let (H, ph, &.h,olh, Ph,iPh,wh) be a BiHom-bialgebra and (A, pa, ola, /3a) 
a left H-module BiHom-algebra, with notation H ® A -+ A, h<S>a <—>■ h ■ a, such that all structure 
maps otn, /3 h, ‘f’H, ujh, ola, /3a are bijective. Assume that there exist two more linear maps 
i/ja,ua'- A —> A such that any two of the maps otA, /3 a, f>A, uja commute and moreover 

coA(aa) = uj a(o)ov a(cl' ), \/a,a^A, 

uj^(h ■ a) = uJu(h) ■ uja(o), VogA, h€H. (8.2) 

Define the linear map 

PA#H'- AffH -# (A#H) <g> H, pA#H(affh ) = (ujA(a)ffhi) <g) /i 2 . 

Then (AffH,pA#H,otA®otu,l3A®l3H,'f , A®'f , H,a>A® l A>H,PA#H) is a right H-comodule BiHom- 
algebra. 

Proof. We only prove that pa#h is multiplicative and leave the other details to the reader: 

PA#H((affh)(a'ffh')) = uj A {a{P^ [ 1 uj~£(t ti) • P^(a')))#{^ (/t 2 )/i')i ® {i’H 1 ( h 2)h') 2 

= u A (a)uj A {Pg 1 Ug 1 (hi) ■ ^A-(a'))fHjl^((h 2 )i)/ii < 8 > ^((^2)2)^ 
( = 2) uj a (a) (fifj 1 (hi ) • uja^a 1 ( a 0) rt^’H 1 ( (h 2 ) 1) h! x <g> 1 /jġ 1 ((h 2 ) 2) h' 2 
( = } uj A (a)(f3j 1 1 uj] 1 1 ((hi) 1 ) ■ ujA^ ff 1 (a'))ffi/jf^((h\) 2 )h\ <g> h 2 h' 2 
= u A (a){P] 1 1 uj] 1 1 ((hi)i) ■ P2 1 u> A (a'))fH>H 1 ((h 1 ) 2 )^ ® h 2 h 2 
= (ujA^afffh^ujA^fftij) <g> h 2 h' 2 = p A #H(affh)p A #H(a'ffh'), 


finishing the proof. 
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Example 8.9. Let (H, fijj, Ar, an, Ph, f’H, &h) be a BiHom-bialgebra such that all structure 
maps are bijective. Denote by A the linear space H*. Then A becomes a BiHom-associative 
algebra with multiplication and structure maps defined by 

(f»g)(h) = f{oi^-u^(hx))g{p^rl)^(h 2 )), 

a A : H*^H*, a A (f)(h) = f(a~ H \h)), 

Pa: H*^H*, P A (f)(h) = f{fà(h)), 

for all /, g E H* and h e H. Moreover, A becomes a left LT-module BiHom-algebra, with action 

H®H*^H*, (h^ f)(h') = f(a- H l fà(ti)h), 

for all h, h' E H and / G H*. Obviously, a A and /3 A are bijective maps. Define the linear map 

H*^H*, u A (f)(h) = f(u- H \h)), Vf&H*, hcH, 

and choose a linear map ip A \ H* —> H* that commutes with a A , f3 A , uj a , for instance one can 
choose the map if A defined by ip A (f)(h) = f( r ffj (h)), for all / G H* and h € H. Then one can 
check that the hypotheses of Proposition 8.8 are satisfied, and consequently H*f/H becomes 
a right Lf-comodule BiHom-algebra. 

Note also that, if H is counital with counit ejj such that eh ° olh = £h and eh ° (3h = £h, 
then the BiHom-associative algebra A = H* is unital with unit £h■ 
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